Telegram.me:@math_books 


Sums and Products 


Telegram.me:@math_books 


Telegram.me:@math_books 


Sums and Products 


Titu Andreescu 


Marian Tetiva 


Telegram.me:@math_books 


Library of Congress Control Number: 2018900205 


ISBN-10: 0-9993428-1-9 
ISBN-13: 978-0-9993428-1-7 


© 2018 XYZ Press, LLC 


All rights reserved. This work may not be translated or copied in whole or in 
part without the written permission of the publisher (XYZ Press, LLC, 3425 
Neiman Rd., Plano, TX 75025, USA) and the authors except for brief excerpts 
in connection with reviews or scholarly analysis. Use in connection with any 
form of information storage and retrieval, electronic adaptation, computer 
software, or by similar or dissimilar methodology now known or hereafter 
developed is forbidden. The use in this publication of tradenames, trademarks, 
service marks and similar terms, even if they are not identified as such, is not 
to be taken as an expression of opinion as to whether or not they are subject 
to proprietary rights. 


987654321 
www.awesomemath.org 


Cover design by Iury Ulzutuev 


Telegram.me:@math_books 


Contents 


Introduction 


1 


Telescoping Sums and Products in Algebra 
Telescoping Sums and Products in Trigonometry 
Complex Numbers and de Moivre’s Formula 

The Abel Summation Formula 

Mathematical Induction 

Combinatorial Identities and Generating Functions 
Sums and Products in Number Theory 


Problems 


1 Easy Problems ................204. 
2 Medium Problems ................0.4. 
3 Hard Problems: 4% ¢4-% 24 ado ww ed Gow, oe aS 


Solutions 


1 Solutions to Easy Problems ............. 
2 Solutions to Medium Problems ........... 
3 Solutions to Hard Problems ............. 


vi Contents 


Telegram.me:@math_books 


References 335 


Other Books from XYZ Press 337 


Telegram.me:@math_books 


Introduction 


Let us start with a simple (?) question. In a chess tournament there are n 
players who play eliminatory games until only one winner remains. Thus, in 
the first round, the players are arbitrarily playing games (chosen by drawing 
lots), and only the winners of these games go to the second round. If the 
number of players is odd there is one player staying aside, but he/she (and 
all winners) will take part to the drawing for the second round. The process 
repeats in the second and all the following rounds until, as we said, finally, 
only one winner remains (and he is declared the winner of the championship). 
The question is: how many games are necessary in order to establish the 
champion? 

Well, you might need a moment of thinking, and we strongly advise you to 
take it (or, maybe, you already got the answer, which is great). You will 
immediately see that if n = 2™ is a power of 2, then in the first round there 
are 2-1 games (and 2”! winners from these games accede to the second 
round), and the process goes on and on so that there will be 2”~J games in 
the jth round. The total number of games will then be 


i cae) Lars oe res mn) eg Ung 1g ee ee 


Although we cannot quite use this reasoning in the general case, the answer 
n — 1 is correct for each and every value of n, because in each game precisely 
one player is eliminated and, in order to arrive to the situation when only 
one player still stands, n — 1 players must be eliminated, so, n — 1 games are 
needed to see who the champion is. 

The problem is solved, but we won’t stop here. This is because the reasoning 
in the particular case of n = 2” furnishes a hint for the general case. Namely, 
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in the first round the number of games is k if n = 2k is an even number, and 
it is also k if n = 2k + 1 is odd (and a player is forced — also by drawing, to 
make the competition fair — to stay aside). This number can be expressed (for 
both cases of even and odd n) as |n/2| where |x| denotes the integer part of 
x (or the floor function of x) — the largest integer which is not greater than x 
(that is, |x| = p if and only if p is the only integer such that p< x <p+1). 
Thus in the first round there are |n/2| games and in the second round 


mana [fl 


players participate. Then the same pattern repeats: |n2/2| games are played 
in the second round, and 
n 
mom [2 


2 
players enter the third round, and so on. Thus, if we define the function f by 


L 


f(a) =2-|5| 


the total number of games played is 


M41 m2 
ugg cy eae 

where the sequence (Nx)x>1 is defined by n1 = n and the recurrence ng = 
f(nz—-1) for every k > 2. One can easily see that, starting with every positive 
integer n the terms of the sequence (nz)z>1 eventually become equal to 1, 
because this is a sequence of positive integers that strictly decreases as long 
as its terms are greater than 1 (and thus, at some moment, a term equals 1, 
and then all the terms that follow are also equal to 1). Thus the above sum 
is actually a finite one (as we have already seen in the particular case of n 
being a power of 2), as the integer parts |n;/2| are 0 as soon as nz becomes 
1. Actually, we can find a formula for nz, namely 


pn 
— a= | | 
where the ceiling function of the real number z is defined by [x] = q if and 
only if q is the unique integer such that q—1 < « < q, and this formula 
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allows us to see that nz becomes 1 as soon as 2"—1 > n (and the first such k 
is [log.n] +1) — but this is not our point of interest here. Nevertheless, we 
are interested in the fact that 
rahe 
alt 
since we know now that the total number of games is n—1. For instance, with 
ni =n= 7, we have 


mg=n— | = (3-4. 
ng = n2—- | = 4-22 = 2, 
4 = 13 — | = 2 =) = 1, 
2 
and, consequently, nz, = 1 for all k > 4. Thus the number of games measured 


as a sum is 


al +La}+ [a] +[a]+~- 2} La) + La): 


Of course, this is 3+ 2+ 1 = 6 and corresponds to the result 7 — 1 given by 
the (let us call it) global reasoning from the beginning. 
To summarize: we defined a function 


jey=2[3 


and a sequence (nx)x>1 Starting with some arbitrary positive integer n1 = n 
and satisfying the recurrence relation nz = f(nxz_1) for k > 2, and we obtained 


8) [Beant 


This may be a somehow unexpected equation (although it is very clear in the 
particular case n = 2) and illustrates a simple principle in mathematics: do 
something in two different ways (in this case “do something” is “count” ), then 
equate the two results (they must be equal, because, in the end, they represent 
the same thing — in our case the total number of games). You will be amazed 
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of what can be obtained by using this very simple (because fundamental) 
principle. 

Anyway, it is not our purpose here to examine such reasonings. Instead, we are 
dealing throughout this book with sums and products (as the title says). Sums 
and products are everywhere in mathematics. Probably the first matters that 
a man (usually a child) learns in mathematics are addition and multiplication 
(of natural numbers, then of integers, and so on) — operations for which the 
results are called sum and product respectively. Clearly, we do not intend 
to take it all from zero, but rather we will try to calculate as many sums as 
possible of the form 


mr 
Sag = a, +42 +-++ + an 
k=] 


and products of the form 


n 
] | en = a1a2-++ an 


ca 
I 
— 


(that is, sums and products of an arbitrary number of terms, respectively 
factors). Also, we will enter a little in the more advanced topic of infinite 
sums and products, defined as limits of corresponding finite partial sums and 
products, respectively: 


OO Tm 

) ap = lim ) ak 
noo 

and 

OO n 

| ak = lim | Qk 
n—-CoO 

k=1 k=1 


We assume the reader to be familiar with the basic concepts of limit (and to 
have the knowledge of elementary limits), and (more rarely) of derivative and 
Riemann integral. There are, however, only few examples of this kind, and the 
reader who is not familiar with these concepts can skip them without losing 
the rest of the book. This clearly means that we expect the reader to know 
basic arithmetic, algebra, and trigonometry (complex numbers in algebraic 
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and trigonometric form included). Also, some combinatorial problems, and a 
few problems of number theory will be encountered. 

Thus, we hope the reader understands a few basic properties of the symbols 
defined above, such as 


nr 
S "(an + br) = Yom ody 
k=] 


or, more generally, 


nr 


S (aor + Bb) = aS ag +BY dr, 


where all of a, 6, ax, and by are (in general) complex numbers, with a and 8 
being, of course, independent of k — the so called index of summation. By the 
way, this index can (in the same problem, or along the same computation) be 
denoted by different letters; thus 


nm nmr n nm 
Soar = >a Or [La =], 4. 
k=1 l=1 i=1 j=l 
We also have 
Tr 
ya = Dat 3 a, and T= Thies I] Ak 
k=m-+1 k=1 k=m-+1 
for 1<m<n. Maybe wording this as 
nr mm Tm nm m nr 
Sae= (Sree) +/( DS a] and I= (Ie) -( I] a 
k=1 k=1 k=m+1 k=1 k=1 k=m+1 


would be more accurate, but we prefer the first form, apart from the situation 
when we desperately need to avoid confusion. 

All the above are clear consequences of the properties of addition and mul- 
tiplication (commutativity, associativity, distributivity of multiplication over 
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addition). The same is true for 


10) mr 


bet. On41 
So (bei — bk) = ong —b1 and [J =. 
by by 
k=1 k=1 
Understanding these equalities and learning to work with them (or with similar 
ones) is very important because they represent a powerful tool for evaluating 
sums and products with an arbitrary number of terms. More precisely, when 
we have to calculate a sum : 
dak: 
k=1 


expressing the general term a, in the form 
An = Oe+1 — bx 


is very effective, due to the above formula: the numerous cancellations allow 
us to find a simple closed formula for the given sum. We call such a sum 
telescopic (or we say that the sum telescopes, etc.). This is because we can 
write 


mr mr 
Sak = S—(be-+1 — be) = —b; — bg —- ++ — bn +g +--+ +07 + bn41 = bn41 — 61. 
k=1 k=1 


One of the simplest examples is the one that appeared in the beginning, namely 
7m 
1+24-.-42% 1 =) of}, 
k=1 


Thus we have a, = 2°"! = 2* —2*-1 — by, — by for k = 1,2,...,n, and we 
can consider b, = 2-1 (the b, appear here to be equal to the ax; of course, 
this does not usually happen). Consequently, 
nr nr 
(229 ato = ogee — ae One r) 
k=1 k=1 


n 
a S(be+1 re) a On+1 — by, 
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Throughout the book we will simply write this as 


nm 


eae = S724 a ae —9nr_ 4 
k=1 


k=1 


As we said, we expect the reader to be familiar with some simple computations 
(and we think that this first sum that we just evaluated does not represent a 
mystery for our readers; we just used it as an example). Also, we hope that 


the fact that we replaced m by n does not represent an issue (the formula 
m 


nm 
Ss” gk-l _ 9™ _ 1 is the same as S- gk-1 — 2" _ 1, isn’t it?). We preferred n 


k=1 k=1 
to be more in the vein of what we just discussed about telescoping sums. Yet 


another simple example is the sum of the first n odd positive integers, that is 


7m 
14+3+---+(2n-1), or } (2k-1). 
k=1 
Can you see the telescope? We have 


nr 


57 (2h —1) =) (k - (k-1)?) =n? -0 =n’, 
k=1 


k=1 


yielding a beautiful formula: the sum of the first n odd positive integers equals 
the square of n. In order to do this computation you only need to know the 
elementary algebraic formulae 


(a+b)? = a? + 2ab+ 0’. 
More specific, we need (k — 1)? = k? — 2k +1, but we use it in the form 
2k —1=k* — (k—1)’. 


This is the main difficulty when we try to evaluate a sum (or a product) by 
the telescoping method: how to find the numbers 6;”? Of course, this depends 
on the skills and the experience of each solver. If one can find a closed form for 


8 Introduction 
Telegram.me:@math_books 


a sum, then it is always possible to evaluate that sum by telescoping. Indeed, 


if we have 
nm 
>t = 
k=1 


for any positive integer n, then we also have 


n n—l 
dn = > an — Y Ab = Sn — Sp-1 
k=1 k=1 


for any n (where we define Sp = 0). Thus we have ag = bp11—bx for by = Sp_. 
So, if we have the result, we can also telescope (but we prefer to be able to 
find the telescope ourselves). For instance, we have the (again well-known) 
identity 

n(n + 1) 


1) 
So k=1424--470= ; 
k=1 


It is often said that, asked — when he was a little boy — by his teacher to sum 
the first 100 positive integers, Gauss did the job immediately, to the great 
surprise of the teacher, who had no idea about this method. His approach 
uses again fundamental properties of addition. First, we have 


Tr Tm 
) ak = SS An—k+1 
k=1 k=1 


(since addition is commutative, we can reverse the order of summation), then 


nm 


Soe = 5 (>: ar + >> one = 5 (ak + On—e-+1) 
k=1 k=1 k=1 


k=1 


(because if A = B, then A = (A+ B)/2, too). In our case, 


Sail qe | ci 
Dk =D glktn— k+1) =o = mn 


k=1 k=1 k=1 
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nm 
(Note that, in general, Ss” a = na when a does not depend on the summation 
k=1 


index; for example, $3 Le 5) 
k=1 

Basically, Gauss observed that the sums of the kth term and (n —k+1)th 
term of the given sum are all equal (to n +1), and he paired terms having the 
same sum. This can be done in general for an arithmetic progression (@n)n>1 
(that is, a sequence for which the differences az41, — az are all equal to the 
same number d, called the common difference of the progression) in order to 
get the sum of the first n terms; as above, we have 


a, + an n(2a; + (n—1)d 
d= d5 2 ee ee 
k=1 


because ay + Gn—k41 = Q1 + Gn for every k = 1,2,...,n. Note that if we use 
the formula a, = a; + (k — 1)d for the general term of the progression (with 
d the common difference) and the above formula for the sum of the first n 
(actually, here, the first n — 1) positive integers, we can also evaluate this sum 
as 


Dar= Dia +e =Yoa tare —1) ee ate ut 
k=1 


Going back to Gauss’s sum, now that we have the formula, we can also prove 
it by mathematical induction. To verify it for n = 1 is immediate, so we still 
need to show that if it is true for n, then it also works for n + 1. Indeed, if 


mr 
Sok=1424--tn= MBF) 
k=1 
then 
n+1 n 
k=) k+(n+1)=(14+24+---+n)+(n41) 

k=] k=] 

n(n + 1) (n+ 1)(n+4+ 2) 


= + (n+1)= 


2 2 
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Also, we can prove it by telescoping: 


“(K(k +1)) (K-1Dk\ n(n +1) 
a= (SP -S = 


k=1 k=1 


Another famous example is the sum of a geometric progression 
S= ee ee ee ee 


If « £1, we can find a telescope by first multiplying through by 1 — x giving 


N N 
(l-a)S= S-(1 =—2)0° = ae rt) ee gt. 
n—0 n=0 
and hence ae 
i 
(ee ated 
1-2 


(Of course we could have also telescoped by noting that x2” = ~— — ia .) 


A few other simple telescoping sums include (think for yourself before reading 
the solution) 


Tm 


ST kek = Si((k-4+ 1)! — kl) = (n+ 1-1, 
k=1 


k=1 


or 
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(Notice the beautiful result 


2 
n n 
SB = (y-F 19498 4...-4n3 =(1424+---+n)’, 
k=1 k=1 


which is a rarity in the world of sums of powers of the first n integers.) 
Also we have 


Sat = So (MEENELA) _ EDM) _ nine nny 


k+1 k=1 3 3 


which permits us to evaluate 


<Px So k(k-+ 1) — a 
k=1 k=1 


k=1 
n(n+1)(n+2)  n(n+1) 
7 3 a ia 
— n(n+1)(2n+1) 
6 


It would be hard to notice that this sum can be telescoped by using 


k(k+1)(2k+1)  (k—1)k(2k—1) 


k* = ea 
6 6 | 


wouldn’t it? 
Now let us find a closed form for the (very important, as we will see) sum 


where x is an arbitrary number, and the binomial coefficients G) are defined 


by 
n\ n! — n(n—1)---(n-—k+1) 
( )- k(n —k)! k! 
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for integers n > k > 0. One also calls (3) ”n choose k” because this number 


counts all possibilities of arbitrarily choosing k objects from n given objects, 
disregarding their order. ‘The equality 


n\  (n-1 n—1 
Ghanata 
can be immediately verified for integers n and k with 1 < k <n-—1 by direct 
computation. It is called the recursive formula of the binomial coefficients. 
Sometimes we will use the convention i = 0 for k > n, or for k < 0; with 
this in mind the recursive formula holds for k = 0 and for k = n, too. 
Using the equality 0! = 1 (again, a convention) one finds immediately Sp = 1 
(and S$; =1+2, and S$, =1+2r4+ 27 =(1+4+2)*). Then we have, for n > 2, 


wanes ((9)-(7))e 


n—1 ea | 
=a2"+a¢)_ cae 


k= 
na— 


1 

2 
=2" +2 ("ote 
J 


that is, 
= (1 + t) Syzis 


(Notice the changing of the summation index with k — 1 = j; when k runs 
from 1 to n— 1, 7 runs from 0 to n — 2.) This leads to 


n n 7 nr Sy nr : 
= n— = 1 — 
ye (Je S ls I +2) =(1+2) 


(see below how to telescope a product; do not forget Sp = 1). Or, if we want 
to avoid the situation when some 5S; is zero, we just use induction based on 
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the recurrence formula that we found. Induction can also be used if we add 
all equalities S, — Sp_, = xS,_1 for k = 1,2,...,n in order to get 
mr n 
Sy,—-1= S (Sk — Spi) = oy Spi 
k=1 k=1 
hence another recurrence relation for the sums S,: 


Sn =1+2($o9+ $1 +--+ Sp_1), n> 1. 


Note that if we replace x = 2 in the formula S$, = (1+ 2)” and then multiply 
by a” we find the binomial formula (or theorem) for the expansion of the 
binomial a+ b raised to the nth power: 


n 

a+b)" = @ anh, 

(a + b) > L 
which clearly holds for a = 0, too, although a = 0 is not allowed when con- 
sidering z = 2. The appearance of the numbers (7) in the binomial formula 
explains why they are called binomial coefficients. 
Again, we used the telescoping method (for a product, or for a sum) in a 
way that seems not to be very obvious. That is why we tried to illustrate 
a few more methods for evaluating sums, as induction and the use of simple 
algebraic rules. We will see other sums (some more general than some of those 
presented above) and other methods in the following chapters of the book. 
Before we go on, we give a few more examples; we have 


Tm 


” 1 1 1 
mes - > (e-Ea)=}- ae 
i k(k +1) ai \k K+I n+1 n+1 


and 
> HEHE )(k + 2) PMC ces ese 


1/1 1 
5 & Tita ry) 
—  n(n+3) 
~~ A(n+1)(n+2) 
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And here is our first example of infinite sum: 


= 1 “ 1 1 
| ga es gy || =1 
REED wee k(k +1) sim, ( =i) 


1 1 1 


and that 


= 1 1 
Zi kK(k+1)(k+2). 4 


What is the value of 
1 


— k(k+1)(k+ 2) 


Notice also that we used a slightly different (but not essentially different) 
telescoping formula, namely 


n 
S_(b kT bp+41) <= = by — On+1- 
k=1 


There are, of course, many possibilities for telescoping. For example, check 
that 


mT 
Sb k — be42) = by + b2 — bn41 — bn42. 
k=1 
Finally in this introduction we will see a few products that telescope. 
nr 
For telescoping a product I] ay, we would like to have ay = bp41/b, for every 
k=1 
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k =1,2,...,n, with nonzero numbers 6, bo,...,6,, then use the formula that 
we have already seen 
“Ee ay 
I aK = ese -* 
k=1 


Of course, in some Pars we can also use 


nr 


On41- 


or other similar formulae. 
We have, for example, 


n n 
IT (1+; +) = [[jA="+1 
k=1 k=1 


where a, = 1+ 1/k and by = k for all k. Also 


= k-1 1 
I (1-7) =1 a aaa 


(if we allow k = 1, the product is trivially 0, because its first factor is 0), and, 
consequently, 
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f-8)-} 


k=2 


yielding 


We invite the reader who is less familiar to the material to do all the compu- 
tations that we omit as being “evident”, or “obvious”, or “clear” and so on 
(and, in general, to do all the computations). Also, we strongly advise the 
reader to repeat things (which we will also do, from time to time). 

A very interesting example for the beginners is 


(o@) 

i 
(+=). 
k=1 a 


where a is a real (or even complex) number of absolute value greater than 1 
(therefore a is nonzero). 
Of course, we look first at the finite case 


n 

1 
I] (14 =) 
k=1 


Again, a simple formula is of real help, namely a? — b* = (a—b)(a+b) but we 
use it in a particular case, and in a slightly different form, more precisely we 
use 


1 — a? 
l+a= 1 a a #1. 
Thus we have 
1 1 
n n |. - —— AN eee 
1 q2**} qett 
1 (+4 )- 09 - 
k=1 k=1 arr eae 
a a 


Now we see why the condition |a| > 1 is given: it ensures |1/a| < 1, hence 


Ly? 
lim (=) — 0 
noo a 
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whenever (%n)n>1 is a sequence of real numbers with limit oo. In particular 


1 1 
TT 1 | qu 1 a? 
a2 n—-0o0o 1 1 a“ — 1 
k=1 1-— ( 
a2 a 


We end this introductory part with a question related to the problem from 
which we started. For 
x 
f(t) =2— [5 


and nx defined by n; = n (an arbitrary positive integer) and ny = f(nx_1) for 
k > 2 we have seen that 


f+ [Blpoanaa 


Can we compute this sum by telescoping? (The answer is yes. So, find how.) 
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Chapter 1 


Telescoping Sums and. 
Products in Algebra 


One of the most useful techniques for computing sums and products is the use 
of the identity 


(a2 — a1) + (a3 — ag) +--+ + (Qn41 — Gn) = Qn41 — 41, 


valid for any complex numbers aj,...,a@,. Therefore, if we need to compute a 
mr 


sum >. b., we might try to find numbers aj,...,@n+41 such that 
k=1 


b} = a2 — a4, bg = a3 — a2,..., bn = An41 — An 


and then apply the previous identity to deduce that the sum we are looking 
for is simply an+41 — a1. If we can do that, we say that the sum is telescopic, 
or that it telescopes (as shown in the introduction). Finding the numbers 
G1,...,@n is the hard part of the game and lots of practice is certainly helpful! 
Note that it is always possible to find aj,...,@n41 as above, namely choose 
a, = 0, then a2 = by, a3 = b} + bo,..., Qn41 = 61 +--+: + bn. Of course, this is 
not very satisfying for our needs... 

Let us start with a few classical examples. You certainly know the following 
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identities 
n _ “e a 
k=1 
Soe _ n(n + 1)(2n + L 
k=1 
Soe = os ath 


nr nr C 
What about S> k*, or S- k°, or more generally Ss" k with N a given positive 


k=1 k=1 k=1 
integer? It turns out that one can actually find similar formulae for these sums, 


but the formulae become fairly complicated when WN is large. The key idea is 
the use of the binomial theorem in the form 


(k+1)8t1 — -ANt1 = nie lan ye - arnae 


Thus, adding these relations for k = 1,2,...,n yields (you see the telescope, 
don’t you?) 


N+1 
(nea —1 = ( PN aN +28 tn) 


N+1\,.n_ 7 7 
+( : Ja PH OQNTh 4 tmNT) +.-: 


N+1 
+( - JQ+2+ 04m) +n 


This shows that if we can compute 17 + 2) +.---+n/J for 7 = 1,2,...,N—1, 


then we can also compute it for 7 = N. For instance, take N = 1, then the 
previous identity becomes 


(n+1)? -1=2(14+2+---+n)+n, 
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and a simple algebraic manipulation shows that this recovers the classical 
formula, ; 
14+2+.---4+n= = 
Next, take N = 2, then we obtain 
(n+1)® —1=3(17+---4+n?)4+3(114+24-:-4+n)4+n, 
in other words 


(n+1)? —1—3(1+2+---+n)—-n 
3 
1 
n+ 3n?4+3n— SMF _, 
3 
_ on? + 6n? + 6n — 3n? — 3n — 2n 
a 
2n?+3n?+n — n(2n?+3n+1) 
6 7 6 
n(n + 1)(2n + 1) 
ae 


4... +n? = 


Example 1.1. Prove that 


y= n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 ) 


Solution. From the binomial theorem we have 
(k +1)? — k° = 5k* + 10k? + 10k? + 5k +1, 
thus it follows that 


SOK HOD HOD ABD BED l= 5 ((k+1)°—k°) = (n+1)°-1. 


k=1 k=1 k=1 


Hence 


n2 
5 » k* = (n+1)°—10. 


22 Chapter 1. Telescoping Sums and Products in Algebra 


Telegram.me:@math_books 
yielding 


Dit = n(n+1 )(2n + 1)(3n? + 3n — 1) 
30 


Example 1.2. (IMO Longlist 1977) Evaluate 


Do ke+1)- -(k+p—1), 


where n and p are positive integers. 


Solution. We have 


eae -(k+p)—(k—1)k---(k+p—1) 


k(k+1)---(k+p—1)= 
> " ve pt+1 


k=1 
_nntl)-(nt+p) 
p+1 


For example 
= 2 
So k(k +1) _ aa ) 
k=1 


(as we already have seen in the introduction) and 


n(n + 1)(n + 2)(n +3) 


Tm 
Sk(k + 1)(k +2) = ; 
k=1 


Example 1.3. For positive integers n and p > 2 evaluate 


. 1 
DKF I): --(k+p—1) 


Solution. We have 


mr 
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Ee 1 1 
ee Sie Ieee 


7 ( 1 1 
“PHL iGail Glee pat): 
For instance, 

1 


1 
een 
i k(k + 1) n+1 


n 


and 


- 1/1 1 
> REFHETD )(k + 2) =5(5- maaan): 


Example 1.4. (IMO Longlist 1970) For even positive integer n, prove that 


7 i 2 q 

=| ttl, - _9 
yi ) 1 Dies 
41=1 4=1 


Solution. Induction on n works. It is easy to verify the case n = 2, so assume 
the result is true for some even natural number n. Then 


n+2 1 1 i n 1 
sui \O rans So ee = eal ye Pe 
Sco ba he ay 


and by the inductive assumption, this will be equal to 


1 1 ‘ 2 19 1 ers 1 
n+1 n+2 n+2 n+A4 ntn)- 
Since | 
1 i 1 “ 1 a 1 
m+1l ont+2 ~\(n4+2)+n (n4+2)4(n+2) 
ate 
the sum becomes 2 ee ¥ which finishes the proof. 


The next example cane factorials. 
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Example 1.5. Evaluate 
122? 8) een? (a 1)! 
Solution. We try to find numbers a; such that 
k*(k +1)! = apy, — ay for 1 <k <n. 


It is natural to look for az of the form a, = k!b; for some number b;. Indeed, 
the previous relation becomes then the much easier 


k*(k +1) = (k+1)bp41 — by. 


Next, we try to find by of the form by = P(k) for some polynomial P. Thus 
we ask that 

k*(k +1) =(k+1)P(k4+1)— P(k). 
If we are lucky, the previous equality holds for all integers k and so, by con- 
sidering degrees P must be quadratic and monic, say 


P(X) = X*4+¢eX4d. 
Plugging in the previous relation yields 
k*?(k+1) = (k+1)((k +1)? +c(k +1) +d) — k* ~—ck—d. 
Identifying coefficients easily yields c = —1 and d = —2. Thus 


5 k*(k +1)! = SI(k + 1)((e +1)? — (k +1) —2) — i(k? — & -2)] 
k=1 k=1 

=(n+2)(n—1)(n+1)!—(1+1)(1—2)1 

= (n—1)(n+2)!+2. 


This example illustrates an extremely important technique for finding tele- 
scoping sums and products. We did not immediately see the correct formula, 
so instead we guessed what the form of the answer might look like. Since we 
weren’t sure of the exact form, we guessed a form with some undetermined 
parameters (in this case, the degree of P and its coefficients). We then used 
the fact that we wanted the sum to telescope to let us solve for these parame- 
ters. Since we guessed the correct form, we were successful and we solved the 
problem. 
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Example 1.6. Evaluate 


10) 


S kMk? +k +1). 


k=1 


Solution. We try to write 
ki(k? +k+1) = ag41 — ax 


for some numbers az. ‘To get rid of k!, let us choose a, = k!b, for some 
numbers 6; that we still have to find. Then 


Arti — ap = (K+ 1)lbpy1 — klby = kI((K + 1)bg41 — bx), 
SO we need 
(kK+1)bey1 —b, = Rh? +K+1. 


But there is an obvious choice: set b;, = k for all k. Thus we can take a; = k-k! 
and the desired sum telescopes nicely: 


So ale +k+1)= Sle +1)'(k+1)—kik] = (n4+ Di(n4 1) -1. 
k=1 k=1 


Example 1.7. Evaluate 


Solution. First, observe that 


1 


(k8—k)2~ k2(k—1)2 k2(k +1)?’ 
Now the series telescopes as 
1 
asi 


ppt ee ee: 
24 —kP 8 mnt IP 


Tm 
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Example 1.8. Compute 


Solution. Observe that 
k(k+2)! (k+3-—3)(k+2)! (k+3)(k+4+ 2)! —3(k 42)! 


3k 3k 3k 
— (kK+3)!-—3(k +2)! (k+3)! (k + 2)! 
= 3k _ 3k gk 


We obtain therefore a telescoping sum 


oe => (449) eee) _ (n+3)! 3! (n +3)! og 


3k — 8k=1 Qn — 30 an 


Example 1.9. Evaluate 


- 4k + 4k? — 1 
— J2k+14+ V2k-1 


Solution. This problem requires some algebraic skills. To simplify the for- 


mulae let us denote 
a=vV2k+1, b=vV2k-1. 


Then 2k +1 =a? and 2k — 1 = b?, so that 4k = a? + b? and 4k? — 1 = a7b?. 
Thus 


a® — b° 
4k + V4k? -1 a? +b? + ab a®t+abtb? | a—b a —b? 
J2ke+1+V2k-1 atb a+b a+b at—b?’ 
Since 
a’ — b* = (2k +1) — (2k — 1) = 2, 
we obtain 


4k+V4k2?-1 = a —B — /(2k+1)8 — V/(2k —1)8 
J2k+14+V2k-1 2 © 2 : 
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Telescoping, we find 


s 4k+VJ/4k2-1 — /(2n+1)8-1 
— Jtk+1+V2k—1 2 | 


Example 1.10. Evaluate the sum 


y) 92 93 gntl 
Sai ata gee 


Solution. We know that 


Lo _a-1_ 1 if 
atl az—-1 a®-1 2\a4+1 a-1/)’ 


which implies 
1 1 1 


1 
2 a+1 2a—-—1) at—-1 


Applying this identity with a = 32° we obtain 
1 1 1 


2(327° +1) 2(327-1) 32°* -1- 
Multiplying this by 2*+?, we obtain the relation 


ok+l1 ok+1 gk+2 


ya 


Thus 
y) 92 93 gn+l1 n pk+1 gk+2 
on a ee ee les » Bete: 
gnt+e 
== 1 
ant 1 


and we are done. 


7 
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Example 1.11. Evaluate 


3 Ak 
—_—. 
<~ 4k4 + 1 


Solution. The key ingredient in solving this problem is realizing that the 
denominator factors rather nicely. Indeed, 


dk? +1 = 4k* + 4k? +1 — 4k? = (2k* + 1)? — (2k)? 
= (2k* — 2k +1)(2k? + 2k +1). 


On the other hand, we observe that the numerator 4k is simply the difference 
between 2k? + 2k +1 and 2k? —2k+1. Therefore 


a >> (2k? + 2k +1) — (2k? — 2k +1) 
7 +1 (2k2 + 2k + 1)(2k? — 2k +1) 


1 1 
a 


We almost have a telescopic sum: letting a, = 2k? — 2k +1, the only extra 
observation we need is that 


2k? + 2k +1 = apa. 
Indeed, a, = 2k(k —1)+1 so 
Ong, = 2(k+1)k+1= 2k? 4 2k +1, 


as desired. Therefore we have a telescopic sum 


7m nr 
ye ee 
art oes ear 2k*-2k+1 2(k+1)?-2(k4+1)+1 


1 a 2n? +2n 


2 (oe nate Oa ae 
Qn?-+2n+1 2n24+2n41’ 


and we are done. 
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Example 1.12. Let aj,a2,...,an be positive real numbers such that 
Q102°°:Qan = 1. 


Prove that 
Qy1 a2 a3 
——— + 8 OO 
l+ay, (1 + az)(1 + ag) (1 + az)(1 + a2)(1 + az) 
i An _ 2° = 1 
(1+ a;)(1+a2)---(L+an) ~ 2” 


Solution. The sum in the left hand-side is actually fairly easy to compute 
once we realize that 


Ak lt+a,.-—1 


(1+ ay)---(1+ax)  (1+a1)-+-(1 + ax) 
1 1 


(L+a,)---(1+azg_1) (1+a,)---(1+ ax) 


Therefore the sum is telescopic and 


nr 


er Dg ye 
(1 + a;)--- (1+ ax) lta, lt+a, (1+a4,)(1+ az) 


k=1 
rs 1 1 
(L+a,)---(1+a@n-1) (1+a,)---(1+ap,) 
1 
ap se as) 
Since 
DP. 1 
gn Qn? 
the problem reduces in the end to the inequality 
1 1 
> 


On ear) oe ae) 


which is equivalent to 


(1+a,)---(1+a,) > 2”. 
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This is a fairly standard consequence of the AM-GM inequality, since 
l+a, > 2,/a1, 1+ a2 > 2,/ag,..., 1 +@n > 2\/Gn, 


thus 


(1+a,)-+-(1+an) > 2”\/az-++ an = 2”. 


Example 1.13. Evaluate 


4l1_}] 44-1] 44-1] 48-1] 


Solution. We are asked to evaluate 


eed 92” oO 92” 

Dane Do a: 

n=0 n=0 

First we have 
ne 22" 
garth _y  (22" 4. 1)(22" — 1) 
241-1 
Ee er =) 
1 1 


~ OF Ay 


which implies 


N 92” — 1 1 

Dep a 927 ganti yg 

n=0 n=0 
2.4 Eat 1 
a ee ee en ieee 
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Example 1.14. (IMC 2015) Define a sequence (F'(n))n>0 by 


F(0) = 0, F(1) = 5, and F(n) = 3F(n—1) ~ F(n—2) 


©.@) 
1 
forn > 2. Is yy Fr) a rational number? 
n=0 
Solution. Let us start by finding the general term of the sequence (F'(n))n>o0. 
Note that the recurrence relation can be written 


F(n—-1) 


F(n) = 2F(n—1)+ 5 


— F(n— 2), 
in other words 


F(n) —2F(n—1) = P(n — 1) — 2F(n — 2) 


2 
The sequence G(n) := F'(n) — 2F(n — 1) therefore satisfies 
G(n-—1 
G(n) = os) 
2 
and by an immediate induction (or using a telescopic product) we obtain 
G1) 8 
G(n) = n=l = Qn" 


Thus 3 
F(n) —2F(n—-1)= A 
and dividing by 2” yields 
Fin) F(n-1)_ 3 
on 9n-1 An’ 


Adding up these relations for n = 1,2,..., N and recognizing a telescopic sum 
on the left-hand side yields 


N N 
F(N) 3 1 1 1 
oy =D e-L(ga-#) a! 


n=1 n=1 
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which yields 
F(N) =2% —2-%. 


It follows that 
1 1 92" 1 1 


[OD a ge a ee en a ee 


We recognize the telescopic sum from the previous example and we conclude 
that 


which is a rational number. 
Example 1.15. Let 
1 1 1 
| ie ee ee N*. 
a tatet sr or ee ae 


Prove that: 
1 1 1 


my’ 3hg* Qn —1)hR 


for any positive integer n. 


<2 


Solution. We have 


hy — hy-1 = 


1 
| and hAp_i < Ar, 
therefore 

1 A ee os OL, OL, 1 1 
(2k—1)h2 sh? Ayhe-1 aga 
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for n > 2. Now sum these inequalities in order to get 


= 1 7 1 = i 1 
—— —___.. < J ee 
a ee = 1)hz ' » (2k —1)h? = d Ce. =| 


as required. 
Example 1.16. Find and prove a simple formula for the sum 


ee te 3° is a italy On Te 
1444 «8444 «5444 (Qn+1)4+4 


Solution. We have 
a* + 4b* = at + 4a7b? + 464 — 4076? = (a? + 267)? — (2ab)? 
= (a* — 2ab + 2b7)(a? + 2ab + 2b") 


a formula that we will often meet, in various appearances. In this case we use 
it for 


(2k +1)*+4 = ((2k+1)* — 2(2k +1) + 2)((2k + 1)? + 2(2k +1) +2) 
= (4k? + 1)(4k? + 8k +5). 


Because 4k? + 8k + 5 = 4(k + 1)* +1 we can hope that the decomposition as 
a sum of simple fractions of the general term of the sum (without the sign), 


(241) | (2k +1)? 
(2k+1)4+1 (4k? + 1)(4k? + 8k +5) 


will give something useful. And indeed, if we write 


(2k +1)° _Ak+B,_Ck+D 
(4k24+1)(4k2+8k+5) 4k24+1 4k? 48645 
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and identify coefficients we find that 


(2k +1)° _ _k i k+1 
(4k2+1)(4k24+8k4+5) 4k241 4k? 4+8k45 
k k+1 


= Meet ae Dead 


which immediately permits the evaluation of the sum by telescoping: 


k+1 
oo 3S * aera) 


k+1 
: “E(0 ee gee 


n+1 = (-1)" n+1 
A(n+1)2 +1 — 4n? + 8n+5° 


= Saas ; 


Example 1.17. Calculate the sum 


aS 1 VkK+Vk2-1 
e es 1 
Solution. We need to understand the expression ———————__—.. 
k+wvVk*—-1 


For this, let us denote a = k + Vk? — 1 and consider its conjugate expression 
b=k—wWk2-1. Thena+b=2k and 


2 
ab =k? — Jk? -1 =k? —(k*-—1) =1. 


Thus 
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On the other hand, let us observe that 


b=k—-VkR-1=k—-VJ(k+1)(k-D 


=<tite (k+1(k—-1) 


Se Aan (kK-1)+k-1 


_ (vE+ —~Vk- 7)? 
y) y) 


hence 
fy VE+1-VeR=1 Vk+1—Vk+Vk-Vk-1 
V2 V2 | 
We recognize two telescopic sums and combining the previous observations we 
obtain 


: “.Vk+1—-Vk+Vk-Vk-1 
iy ac os k-+ Jk? —1 s V2 
i 
2 V2 
_vnt1i+V/n-1 
cleans, sme 


Example 1.18. Compute the sum 


1 2 Sica dale n 
12.32 32.52 (2n —1)2-(2n+1)2 


Solution. Observe that 


(2k +1)? — (2k — 1)? = 4k? + 4k +1 (4k? — 4k +1) = 8k, 
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thus 
k 1 Sk 
(2k+1)2-(2k—1)2 8 (2k+1)2- (2k — 1) 
1 (2k+1)? — (2k —1)? 
8 (2k+1)2- (2k — 1) 


“i (atp-atn) 


We obtain this way a telescopic sum, whose value is 


= k 1/1 1 n2+n 
De (2k+1)2-(2k—-1)2 8 (a- omar) ~ 2(2n + 1)2’ 


k=1 
Example 1.19. (USAMTS 2002) Compute 
1 1 1 
——— + ———— + ———————— + eee 
1V2+2V1  2V34+3V2 3V4+4V3 
1 


Be ______, 
4012008 V7 4012009 + 4012009 4012008 


Solution. We are asked to compute 


4012008 1 


is kJ/k+1+(k+1)Vk 


Let us deal with the general term: 


1 1 
kJ/k+I+(kK+1)Vk Vk-VE+1- (V+ VE+1) 
_ VEFI- Vk 
Vk REI 


where the last equality follows from the simple identity 


(VE + Ve +1) (vik +1 - vir) =4, 
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We deduce that 
1 1 1 


kVJk+1+(k+1)Vk Vk Ve+1 


which shows that our sum is a telescopic one, with value 


4012008 


1 1 
—— re 
dX k/k+1+(k+1)Vk 4012009 


Finally, note that 
4012009 = 4- 10° + 12- 10° + 3? = (2- 10° + 3)? = 20037, 


thus 
1 1 1 


1f/24+2V1 2V734+3V2 3744473 
1 1 9002 


* 4012008/4012009 + 4012009\/4012008 ; 2003 2003’ 
Example 1.20. Evaluate 
3 ke+k—1 
(k+2)! ° 


k=1 
Solution. Let us try to find numbers 6; such that 


k?+k—-1 dy br, 


(k + 2)! (k+1)! (k4+2)! 
Clearing denominators, the previous equality is equivalent to 


hk? +k—1=(kK+2)bg_1 — dy. 


37 


Let us look for b, = mk +n with m,n real numbers. We would like to have 


k?+k—-1=(k+2)(mk+n—m)—(mk+n) 


for all k. Identifying coefficients yields m = 1 and n = 1, in other words 


b, =k-+1. We deduce that 


R4+k-1 k k+1 1 n+l 
2 (k + 2)! Pex eoi) ee er 
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1 
Example 1.21. Define a sequence (Zn)n>1 by 1 = 5? and forn > 1, 


eu = int les 
re 14 ay + 22" 
Compute 


A es 
+1 ¢e+l1l 243+1 zo01i5 +1 = Fa016 


Solution. The recurrence relation can be written 
1 1l+an,4+a2 _ 1 i 1 


Intl  &ntt2 ~—— Sn(ant+1) 


which can be rearranged as 


We deduce that 


= 2015 + 2 — 


L2016 


This shows that the sum we are asked to compute equals 2015 + 2 = 2017. 
Of course, the number 2015 plays no special role in this problem. In the exact 
same way we can prove that 


“1 1 1 
> oF = 
my ek tl tnt Ly 


for any positive integer n. 


Example 1.22. Prove that for alln > 1 
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Solution. We have 


k=1 k=] 
Vk n+1 k—1 
ee oe eee 
k k 
k=2 k=2 
nm 
_,_vn re gree | 
n+1 k; 
k=2 
It suffices therefore to prove that 
mr 
are 
k=2 
But 
Vk-Vk-1  VveoVe=T_ 1 
k k(k — 1) k—-1 Vk’ 
thus 
Tm Tr 
k—-vVk-1 1 1 1 
i Le 5 eae 
=, az k-1 k n 
as needed. 


Example 1.23. (IMO Longlist 1970) Let n be a positive integer. Prove that 


gees cae ne on 
23 38 n> 4 


Solution 1. We have 


0<(k—1)k(k +1) =k(k*-1)<k° 
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for all k > 2, hence 


=. 4 = 1 
rar aS 
2; k3 ~ + (k — 1)k(k + 1) 
ieee 1 1 
7 2d Ces: BETD) 
1/1 1 1 
iar cess) ar 


which is clearly equivalent to the required inequality. 
Solution 2. We prove the stronger inequality 


oe eee ee a 
23-38 n> An 4 

for all positive integers n > 1 (the equal sign only appears when n € {1, 2}). 

This is a common trick in induction proofs of inequalities. A direct induction 

proof of the desired inequality would fail. So instead one looks for an improved 


inequality where induction does work. The induction step follows from 
Da 1 ak 1 n 1 a 1 <1 iz = 1 Pareaed 1 sp 1 
23 * 33 kes (k+1)3  4(k+1) a k3 Ak 


which is equivalent to 


Lae 


a eee 
(k+1)8~ 4k 4(k4+1)) 4k(k+4+1)’ 
and to 
Ak < (k +1)? © (k-1)? 20. 
Since this inequality is strict for k > 2, we will also get 


1 1 % + 1 og 1 . 5 
93 * 33 4n 4 
for n > 3. Anyway, the original Sadie 


1 1 1 
I+ 33 + 33 : cers ae 


is definitely strict for all n > 1. 


Lape 


| Ot 


Chapter 1. Telescoping Sums and Products in Algebra 41 
K€ TT elegraniine mat b00kKS 


Example 1.24. (IMO Longlist 1970) Let 1 <neéEN and1<ae€ER and 
suppose there are n positive numbers x;,1 © N, 1 <2< n such that 27; = 1 
and x;/4j-1 =a+a; for2<i<n, where a; <1/i(i+1). Prove that 


1 
Wha <0: ——_— 


n—l 
Solution. Note that 
In = In—1(A@+ An) =--- = (at+a2)(at+az)---(a+an). 
Therefore we obtain 
(n — 1) "Wan = (n — 1) "X/(at 22)(a + 03) ++: (a+ On) 


AM-GM = 
< (n-l1)a+ ~ Qi. 
i=2 


Therefore it is sufficient to check that 


A2+a3+°:::+a, <1. 


Noting that 
1 1 1 


ii+1) 4% G41’ 


nr mr 
1 1 1 1 
.< — a a1 
asd (; =) 2 n+l 


4=2 


Ais 


we obtain 


Equality does not hold since n 4 —3, and all the a; cannot be equal. 


Example 1.25. Let n> 1 and defined ag = 1/2 and, forO<k<n-1 
a =a 4% 
a ar 


Prove that 7 
l1—-—- <a, <l. 
n 
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Solution. Note that 
1 n n 1 1 


Aka. nagt at an(n+ap) ay n+axz 


thus 
1 1 21 
Gk Akg. N+aK 
We add up these relations for k = 0,1,...,n —1. We recognize a telescopic 


sum in the left-hand side, hence 


Each term 1/n + ax appearing in the last sum is smaller than 1/n, hence the 
whole sum is smaller than 1, which yields 2 — < 1 and then a, < 1. 


rr 
Using again the recurrence relation, we obtain az41 > ax, thus ax < 1 for all 
k<n. But then 


and so : 
5 _ i n 
A, ntl 
This simplifies to 
ari ae 1 . 1 
ade te ye n+2 n° 


which finishes the solution. 


Example 1.26. (IMO Shortlist 2001) Prove that for all real numbers 


L1,--.-,Ln we have 
L1 x2 Lin 
et Fe eK vin. 
bay Le +s L+az+---+22 vn 
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Solution. Using the Cauchy-Schwarz inequality we obtain 


( a ees Ln ) 
Ll+o? lt+a?+23 L+a?+---+ 22 
dG pate +a 


Thus it suffices to prove that 


n 
ae oe * <1. 
a (l+a7+ + x7) 


Letting a, = 2? +---+ 2? (with the convention that ap = 0), observe that 


zc; Ak — Gk-1 < ak — Ak-1 
+a? +. +ap? (ta)? ~ Fag) + an1) 
1 1 


1+ ap-1 7 1l+a,z 


We deduce that 


n D) n 
Li. 1 1 
apa So Gece) ie st 
— (1+2f+ + xz) ra l+ap_1 1l+a, 1+ an 
as desired. 
Example 1.27. Prove that for all positive real numbers x1, 22,...,2n 
1 n 1 behadk 1 1 in 1 ae 1 
l+a 1lt+2,4+ 22 l+aptaet:::4+ 2p {1 22 Le 


Solution. This is very similar to the previous exercise. Using the Cauchy- 
Schwarz inequality yields 


1 1 1 
Lape ~ hepa oe 1+21,+2%2+:::+2y 
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L k 


1 1 1 = 
| oe eee ae 
= (< 100) =| (>. catia) 


It suffices therefore to prove that 
~ x 
: 21 


dX (L+a@1+---+ 2%)? 
Ly. But this is precisely what has already 


for all positive real numbers 71, 
been established during the solution of the previous exercise! 


Example 1.28. Prove that: 


a | 
2(V~n+1—-l1)< — <2 
(Vv ) ry: 


Solution. We have 
1 1 
Ye a 
Vk+1+Vk  2Vk 
because the last inequality is equivalent to ~/k +1 > Vk, and, similarly 
1 1 


eae Fev = ae, 


Thus, 
2 (VE+I- Vk) <= <2(vk-VR=1) 


for every positive integer k. We sum these inequalities for k = 1,2,...,n and 


obtain 
32 (veri - vi) De <2 (vE- ve-1), 


that is, the desired inequalities 


2(/n+1-1) ‘= = < 2vin, 


because the first sum and the last sum telescope precisely to what we need 


Chapter 1. Telescoping Sums and Products in Algebra 45 


Telegram.me:@math_books 


Example 1.29. Let agp = 1 and an41 = a9:--an +1, n>0. Prove that 


1 1 1 
a ee =], 
foralln > 1. 
Solution. For k > 1 we have ao -:- ax_1 = ax—1 and ao--- ag_1a% = Ag41—1. 
Then 
Qk+1 — ee (az = l)ax 
and 


1 1 ee! 1 
Qk+1 — 1 (az a 1)ax Ak — 1 aE 


meaning that 
1 1 1 


a, a—-1 aeyi-l 
Summing up from k = 1 to k = n and noting that a; = 2 yields the desired 
result. 
Example 1.30. (Romania TST 2003) Let (an)n>1 be a sequence of real num- 
bers given by ay = 1/2 and for each positive integer n 
2 
an 
an+1 = ————.. 
n+l a2 =a 4 1 

Prove that for every positive integer n we have aj +a2+---+an < 1. 


Solution. Setting b, = 1/an, the recurrence relation becomes 
bn = 62 — bn +1, 
that is 
bn4i1 — 1 = 
b, — 1 ot 
Multiplying these relations we get 


1 1 1 
bpp b Wi 
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Telescoping again we get 


i. 4 1 1 
ay tagtes+Q,=—-4+5-4+°-4+7>=1 


en ees | 
aaa b, a ee 


and we are done. 
Can you see the similarities between this problem and the previous one? 


Example 1.31. Compute 


cy ee eT é 
18° Leos 128 One D). 


Solution. Note that 
k 1 2k+1-—1 


Leib 1) 2 Senay Qk 1) 


Se ee 

2 A1-38-...-(2k-1)) 1-38-...- (2k 41) )7 
We obtain therefore a telescopic sum, with value 
eS (ee 
fy eB Ata dy: 2 1-3-...-(2n+1)/ 


The “note that” part seems to come from nowhere, so let us explain a little 
bit more what is happening. Ideally we look for numbers az such that 


k 
163. 8ORE Do ee 


The form of the denominator strongly suggests taking 


by, 


Ben OR) 


for some numbers by. The previous relation is then equivalent to 


k = (2k + 1)bp — bp41- 
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Again, looking for a polynomial sequence b, = P(k) yields 
X = (2X +1)P(X)— P(X +1) 


and degree considerations show that P is constant, necessarily equal to 1/2. 
As shown in the introduction the idea in telescoping products is very similar 
to that related to sums (only cancellations are between multiplicative factors 
rather than additive terms). We repeatedly use the following result: 


mT 
TT Gk+1 — Qn+1 


a a 
k=1 k 1 


where az + 0 for all k. 
We have already seen some simple examples in the introductory part. Let us 
see some more. 


Example 1.32. Evaluate the product 


II (1+ + oR). 


Solution. Things are fairly simple here, since 


7 oe sia Se a 


1 a ee 
a i a er: 142k” 


the product is telescopic and 


n n 

14+ Qk+1 1427+! 
Il tee = aa) =e 
e ee AL \ 142 3 


Example 1.33. Evaluate 


(4+ 5) (3+) (@n- n+ 5) 
(2+ 3] (445) (any + 3) | 
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Solution. By the formula 


1 1 1 
Be Oe as 2. + 2 = 
a = (« a+ 5) (« a+5] 


= («a+ 5) (a+? (a+) +5), 


we have, after all simplifications, that our product is equal to 


I (5-843) [E(@-v?-@- +5) (@9?- 245) 


Ei =  2e  2 
Ul («an' 7 i) Il (21) es 5) ((23 Al) S07 a1) 4 5) 
1 
: 2 a1 
(2n +1)? ~(2n+1) +5 8n2+4n+1 


Solution. The numbers k® — 1 and k* + 1 strongly suggest the use of the 
classical formulae 


a® — b®? = (a—b)(a2 +ab4+ 07), a? +b? = (a+b)(a? —ab+b’). 


We deduce that 
ke—1 (k-1j(k*+k+1) k-1 k*+k4+1 


kB3+1  (k+1)(k2-k+1) k+l k?-k4+1 


is a telescopic product: 


Le ee | 
Note that 
Ote oe OF ares 
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The key observation is that 


ke +k+1=(k+1)?-(k+1)4+1, 


k? : 
thus eres a = is also a telescopic product, more precisely 


k+1 7 


aes 1 oe (kK+1)+1  (n+1)?-(n4+1)4+1 
re —k+1 3 


Putting everything together we obtain 


—~(R-1\ 2) (nti)? -(n+1)4+1_ An? +n41) 
U (ist) "meen a 


k3 41 n(n +1) 3 —— 3n(n +1) 


Again, this allows evaluating the corresponding infinite product: 


Tl k3 — 1 = Je TL ke-1\_ | n?tntl) _ 2 
aa k3 +1 N00 RB+1 nso 3n(n+1) 3 


Example 1.35. Prove that for alln > 1 
mT 
1 
I] ( a 3) <3 
k=1 


Solution. We have for n > 2 


Tr 


(+35) <2 +1 2) 1G +1 


In the previous problem we have already computed the last product (actually 
3 2 

Ee. Fag 

2(n2 +n +1) 


- 1 3(n? +n) n?+n 
1+—=) <2-——~ =3:4—_- <3 
II ( +a] 2(n? +n +1) mintl~ 


its inverse), which equals 


50 Chapter 1. Telescoping Sums and Products in Algebra 
_—”—CSPEP/M|OGTAM.-ME:@Math_OOOKS = =—CSsi‘“C—;(<;MNSWrmWDWC™C*;*;Ct‘CS 


elegram.me.@math_books 


We can also use induction to show the stronger inequality 
Tm 
1 1 
ieee ee 
k3 n 
k=1 


(sometimes a stronger inequality can be proven by the inductive method, while 
the weaker one cannot be thus proven). Actually the equal sign holds only for 
n = 1 (which is immediately seen) for n > 2 the inequality is strict. We still 


need to prove that if 
= 1 1 
[L(1+4) <3-=-. 
k3 n 
k=1 


then 


n+1 

1 1 
II (1+) s3- : 
aa m+ 


And, indeed, by using the induction hypothesis, we have 


TI (+a)=(1G+s)) G+ aap) 
< (3-2) +55] <3-—, 


the last inequality being equivalent to 
1 1 Z 1 1 ai 3n — 1 2 1 
n} (nt+1)3 n n+1- n(n4+1)? — n(n+1) 
& 8n—-1<(n4+1)? Ss0<n?—-n+2. 


Example 1.36. Prove that for any positive integer n > 1 we have 


1 13 2-1 1 


—— < —- < ——. 
2J/n ~ 24 In ~ f2n+1 
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Solution. We have 
2 
= me! IT Chee A 
+ 2k 2 a, (2k — 2)(2k) } 2n ~ An’ 
whence the first inequality follows. Also, 
iO) 2 Tm 
—_ 7 ( 1 “ 1 
an, ok Ge (2k)? 2n+1 ~ 2n+1’ 
which gives the second inequality. We used 
(2k — 1)? 4k? —4k+1 


—~ Sz 
(Qk—2)\(2k)  4k2—-4k °° 7 
a (2k—1)(2k+1) 4k? 
2k —1 +1 —1 

SaaS ei Sle Ki My, 

(2k) Ake 7 7 = 

Example 1.37. Let a, =1+2+3+---+n. Compute 

a2 a3 an 


Solution. We have 


_ n(n+1) 
an = 9 ) 
hence 
Ak k(k +1) 


Qy—1 k(k+1)-2 
The key remark is that the denominator factors nicely, since 
k(k+1)-2=k?+k-2=(k—-1)(k+2). 
Thus 
Ak k(k +1) _ k k+1 
Qe—-1 (k—-1)(k+2) k-1 k+2 
We recognize two telescopic products and deduce that 


“ak Paine 3 38n 
A ress a Te gilts 1nt+2 nt+2’ 


ol 
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Chapter 2 


Telescoping Sums and 
Products in Trigonometry 


To solve this type of problems you need to have a good grasp of trigonometric 
identities. These identities are studied in school, but we recall some of them 
here. 


Half-angle formulas 


a 
2tan — 
sina = a 
1+ tan? — 
2 
a 
1 — tan? — 
cosa = oa 
1+ tan? — 
2 
a 
2tan 5 
tana = 7 
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Triple-angle formulas 


sin 3a = 3sina — Asin? a, 
cos 3a = 4cos® a — 3cosa, 


3tana — tan*®a 
tan 3a = ———___.—_ 


1 — 3tan2a 
Sum-to-product formulas 
b —b 
sina +sinb = 2sin -: cos : Tae 
—b 
cosa +cosb = 2cos = cos 5 
b 

tana + tanb = ED), 

cos acos b 

; _a-—Ob a+b 
sina — sinb = 2sin cos a 
— b 

cosa — cosb = —2sin — Si “ , 
tana — tanb= cial et 

cos acos 6 

Addition-subtraction formulas for tangent 
anteaey= tana + tan § 
~ 1—tanatan p’ 
t —t 
bantesp = ana — tan § 


1+ tanatan Bp 


Example 2.1. Prove that for all real numbers x,y,z we have 


(a) sinz+siny+sinz—sin(e«+y+z)= Asin — 


> sin; 
(b) cosx + cosy +cosz+cos(x + y + z) = 4008 == cos == 


L 
+y , ane ae 
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Solution. (a) Applying the formula 


a+b 
2 


 a—b 
sina — sinb = 2sin cos 


we obtain 


sing ~sin(e + y +z) = —2sin “= cos (2+ HE?) 


On the other hand, 


yYyt2 y—Zz 
2 2 


siny + sin z = 2sin 


Thus 


sin x+sin y+sin z—sin(x+y+z) = 2sin Z - (cos so — cos (« oe as *)) , 


It suffices therefore to prove that 


cos “=~ — cos (2+ 45%) on a 


2 Z 
which is another consequence of the formula 


a+b 
2 


For part (b) we can proceed similarly, or we can transform products into sums 
by using the formula 


—-a. 
sin 


cosa — cosb = 2sin 


2 cos a cos b = cos(a — b) + cos(a + b); 


so, we have 


2 = 
4cos ~ ee Uncanee, Pe ces EE RE A oie Ue 
2 2 D 9 
22 +ytz Ure x2 ytz 
Cos 5 oa, a + 7 oe 5 


= cos(x +y+z)+cosz+cosy + cos z. 
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The attentive reader has probably already noted that any of these identities 
transforms into the other one under the substitutions r+> 5 -—Z,y>+5-Y, 
z+ 5 — 2. (So, basically, we have a single identity with two forms.) 


Example 2.2. Prove that in any triangle ABC’ we have 


eg aut Se ee 
a) 2 2 4 4 4 


Solution. Note that since A+ B+C = 180°, we have 
aS) _B+C 
2 o 


A 

cos — = cos (0° a 
2 

bee os B C 
and similarly for cos > and cos 3" Using Example 2.1 we obtain 

A B 

cos = + cos = +008 S —sin(A+B+C) 

(A+ B)+(B+C) . (B+C)+(C+A) _. (C+ A)+(A+B) 


= a a ar a 


On the other hand, sin(A+ B+C) =0 and 
(A+ B)+(B+C)=A+B+4+C+B=r+B, 
yielding the desired result. 
Example 2.3. Consider two triangles ABC and A'B'C’. Prove that 
A+A’ , B+B’ , C+C 


sin sin ‘ 


sin(A+ A’)+sin(B + B’)+sin(C + C"’) = 4sin 5 5 


Solution. Note that 

(A+ A')+(B+4+ B’!)+(C4+C) = 360°, 
thus using Example 2.1 we can write 

sin(A + A’) + sin(B + B’) + sin(C + C") 


A+AFBt+BR , B+ Bt+Cr+O . C+O+Ata 


= 4s — = 
sin 9 sin 9 Sl 5 
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On the other hand 


A+A’+B+B' 360°-(C+C’) > C+C 
———___—_ = ——___—___—* = 180° ~ , 
2 2 2 
hence 
APA B EB 4 CHE 
sin. ———_ = 81n ; 
2 2 
Similarly we obtain 
B+B'+C+C _ At+A’ ~C+C+At+A _ B+B 
sin =e =—- sin 9 ) sin nn — sil 5 


and the result follows. 
Example 2.4. Prove that 
(4 cos? 9° — 1)(4 cos? 27° — 1)(4cos? 81° — 1)(4 cos? 243° — 1) 
is an integer. 
Solution. The formula 
sin 3x = 4cos* zsinz — sing 
can be easily obtained by the usual transformations: 


sin 3x2 = sin(2x + x) = sin2xcoszx + sin x cos 2x 
— 2sin x cos’ x + sin x(2 cos” x — 1) 
= 4cos* xsinz — sina 
(it is one of the forms in which sin 3z can appear). Thus we have 


sin 3x 


Acos? x —1= : 
sin x 


and our product becomes 
(4 cos? 9° — 1)(4.cos? 27° — 1)(4cos” 81° — 1)(4 cos” 243° — 1) 
_ sin 27° sin 81° sin 243° sin’729° — sin729° _ 
~ gin 9° sin27° sin81° sin243° —s sin9°— 
because sin 729° = sin(9° + 2 - 360°) = sin 9°. 
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Example 2.5. Prove that 
(4 cos? 9° — 3)(4.cos? 27° — 3) = tan9°. 
Solution. We use the formula (prove it!) 


cos 3x 
cos x’ 


4cos* 7 —3 = 


which yields 


27° cos8l1° cos 81° 
4 cos” 9° — 3)(4 cos? 27° — 3) = - = | 
( any \ eke ) cos 9° = cos 27° cos 9° 


On the other hand, we have 
cos 81° = sin(90 — 81)° = sin9°, 
which finishes the proof. 
Example 2.6. Prove that 
sin? 18° + sin? 30° = sin? 36°. 


Solution. Using the formulae 


1— 2 5b — 5 
sin*(x) = Useatl052 2 cosa — cosb = 2sin cer eae , 
2 2 2 
we obtain 
36° — 12 
sin? 36° — sin? 18° = Se Pci 18° sin 54°. 


2 


1 
Since sin? 30° = 7 it suffices to prove the equality 


sin 18° sin 54° = 7 
On the other hand 
4sin 18° sin 54° cos 18° = 2sin 36° sin 54° 
= 2sin 36° cos 36° 


= sin 72° = cos 18°. 


Dividing by the nonzero number cos 18° yields the desired equality. 
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Example 2.7. Prove that 
tan? 36° tan? 72° = 5. 


Solution. Note that, basically, all values of the trigonometric functions for 
arguments 18°, 36°, 54°, or 72° can be written as simple algebraic expressions. 
Specifically, we have 


af Bok 10 — 2/5 


cos 36° = sin 54° = 7 608 54° = sin 36° = rl ; 
and 
cos 72° = sin 18° = cos 18° = sin 72° = =e 


For instance, if we denote by t = cos 36°, from the equality 
sin(2 - 36°) = sin(3 - 36°) 


we infer 
2t sin 36° = (4t? — 1) sin 36° 


hence 
At? —2t--1=0. 


As t > 0 we get t = (/54+1)/4, and all the other values follow from this by 
basic formulas. Of course, this observation provides another solution for the 
previous exercise. Now, for the present one, we have 
sin36° sin72°  2sin? 36° 
t 36° t 12: = . — 
sos on cos 36° cos 72° cos 72° 
2 — 2cos? 36° 
SS 5 
2 cos? 36° — 1 v5, 


V5+1 


because, as we have seen, cos 36° = a: 
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Example 2.8. Compute 


1 1 1 1 
1+ cotl1° T 17 cot 5° me 1 + cot 9° a, 1 + cot 89° 


Solution. The key observation is that if « + y = 90°, then 


1 1 
aoe l+coty — 


Indeed, we have 
cot(x) = cot(90° — y) = tany, 


hence 


1 1 1 1 


fico. isco La tany re 
tan y 
1 tan y 


~ T+tany | 1+tany 


It follows that 
1 1 1 1 


a ee a a, A et —_____—__— = 1.... 
1+ cot 1° a 1 + cot 89° * 1+ cot5° au 1 + cot 84° 


Adding these relations and taking into account the term (which 


1 
1+ cot 45° 
cannot be paired with another term), we obtain 


1 1 1 1 1 
ae ea, ee ee 
1+ cot 1° = 1 + cot 5° a 1+ cot 9° 7 a 1+ cot 89° 7 1 + cot 45° 


1 
= 11+ —-—=11.5. 
% 2 
Example 2.9. Prove that 


tan 10° = tan 20° - tan 30° - tan 40°. 
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Solution. Using the formula 


the equality is equivalent to 
sin 10° cos 20° cos 30° cos 40° = cos 10° sin 20° sin 30° sin 40°. 


We now use the identities 


cos 60° + cos 20° 


cos 20° cos 40° = ; 


and 
cos 20° — cos 60° 


sin 20° sin 40° = 5 


to reduce the previous equality to 
sin 10° cos 30° (cos 60° + cos 20°) = sin 30° cos 10°(cos 20° — cos 60°), 
which is equivalent to 
cos 60° (sin 10° cos 30°+sin 30° cos 10°) = cos 20° (sin 30° cos 10°—sin 10° cos 30°). 
Using again the standard formulae, this reduces to 
cos 60° sin 40° = cos 20° sin 20°. 
Since cos 60° = 1/2, the previous equality reduces to the standard formula 
2sinxzcosx = sin(2z) for x = 20°. 


Example 2.10. Prove that 


Siig OE Sig : 
2 11 Le pee, 
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Solution. Using the formula 
2sin x cos x = sin(2z), 


we can write the right-hand side 


hence multiplying everything by 2 sin = we are reduced to proving the equiv- 
alent equality 


ees 21 49 4m . T 
sin i sin = cos = sin = cos = COS 55. 


On the other hand, we have 


2 sin — cos — i = ae — sin — 
11 11 11 11 
and 
2sin — cos — ail = see — Reeds 
11 11 11 11’ 
thus 
sin — oa eee hp eee 
11 11 1] 11 11 
37 On es 57 
= sin — = + sin — il — sin — + sin — il aaa = sin 7: 


All in all, it suffices to prove the equality 


which follows from 
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Example 2.11. Prove that for allx ER 
1 
sin x sin(60° — x) sin(60° + x) = 7 sin 3x 


and 


1 
cos x cos(60° — 2) cos(60° + x) = 4008 32: 


Solution. Since 
2 sin(60° — x) sin(60° + x) = cos 2x — cos(120°) = cos 2x + 7 
it suffices to prove that 
2sin © (cos 2x2 + 5) = sin 32, 


which is equivalent to 
sin 3x — sinx = 2sin x cos 22, 


another consequence of the standard identity 


Oh aan 
> 


For the second identity we present a slightly different approach. By the usual 
formulae for the cosine of the sum and the difference we have 


: ; 2, a= 
sina — sinb = 2sin 


cos(60° — x) cos(60° + x) = cos? 60° cos’ x — sin” 60° sin? x 


44 — 3sin* 2). 


= Ge 
4 
On the other hand, 


cos(2x + 2) = cos 2x cos z — sin 2x sin x 
y 


COS 32 


(cos* x — sin? x) — 2sin? xcos zx 


= cos z(cos* x — 3sin’ 2), 


therefore, 


1 1 
cos x cos(60° — x) cos(60° + x) = 708 t(cos* x — 3sin* x) = 7 08 3x. 


64 Chapter 2. Telescoping Sums and Products in Trigonometry 
OO QTEGFaM.ME:@Math_ObookKS = =—<=~—‘“i‘“<; 3X OCté<CS;é‘i‘i‘OS;O;C;...OC; 


Example 2.12. Compute 
sin 10° sin 50° sin 70°. 
Solution. We have 


sin 10° sin 50° sin 70° = cos 80° cos 40° cos 20° 


— : sin 20° cos 20° cos 40° cos 80° 


sin 20° 
Sie eg 40° cos 40° cos 80° 
~ gin20°2> 
1 . Oo O 
= Asin 20° Sin 80 COs 80 
1 1 
= ——_ sin 160° = <. 
aie 


Of course, this is just an application of the first part of the previous example, 
for x = 10°. Apply the second part to the same zx = 10° and try to find a 
different solution. 


Example 2.13. Prove that 


cos 6° cos 42° cos 66° cos 78° = = 


Solution. By the second identity from the previous exercise (applied for 
x = 6° and x = 18° respectively) we have 


1 
cos 6° cos 54° cos 66° = Z cos 18° 


and 


1 
cos 18° cos 42° cos 78° = ri cos 54°. 


Clearly it suffices now to multiply side by side the two above equalities (and 
then simplify by cancelling cos18°cos54° ~ 0) in order to get the desired 
result. 
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Example 2.14. Prove that 


1 
2562. 


sin 5° sin 15° sin 25° ---sin 85° = 


Solution. We have 


sin 5° sin 15° sin 25° - -- sin 85° = (sin 5° sin 85°)(sin 15° sin 75°) - -- sin 45° 


= (sin 5° cos 5°)(sin 15° cos 15°) (sin 25° cos 25°) (sin 35° cos 35°) sin 45° 


1 
16/2 


sin 10° sin 30° sin 50° sin 70° 


1 
= —— sin 10° sin 50° sin 70°. 
32/2 
Applying Example 2.14 yields the desired result. 
Example 2.15. Prove that 
S = tan? 10° + tan? 50° + tan’ 70° = 9. 
Solution. More generally, we will show that 


S = tan’ x + tan*(60° — x) + tan*(60° + 2) = 6 + 9tan? 3z. 


Let tanz = t, then 
V3 —t 
14+ /3t 


tan(60° — x) = 


and 


_ v3+t 
1— V3t 


tan(60° + x) 
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Consequently 


2 2 
SoBe V3 -t V3+t\ 6+ 45t? + 92° 

1+ /3t 1— /3t (1 — 3t*)? 
6(1 — 6t? + 9t*) + 81t7 — 54¢* + 92° 


(1 — 3¢?)2 
_ , 81t? — 54t* + 9° a5 Qt? — 6t* + ¢® 
7 (1 — 3t?)2 7 (1 — 3t?)2 
3t — t°)2 


For « = 10° we get 


1 
5 =6 + 9tan’ 30° =6+9-5=9, 


as desired. 


Example 2.16. Prove that 
tan 50° + tan 60° + tan 70° = tan 80°. 


Solution. First verify that, for a + b+ c= 180° (that is, for example, for the 
measures of the angles of a triangle), we have 


tana +tanb+ tanc = tanatanbtanc 
(start with tanc = —tan(a-+ b)). In our case, 


tan 50° + tan 60° + tan 70° = tan 50° tan 60° tan 70° 
= tan 60° tan(60° — 10°) tan(60° + 10°) 
/3 — tan 10° /3 + tan 10° 


1+ /3tan 10° ) 1 — /3tan 10° 
1 1 3 tan 10° — tan® 10° 


~ tan30° tan 10° 1 — 3tan? 10° 
= cot 10° = tan 80°. 


= tan 60° - 


_ 1 
~ tan 10° 
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We used again the formula for the tangent of the triple of an angle 


a ee 3tanx — tan? x 
—  1-8tan?2 ’ 


for z = 10°. 
Example 2.17. Prove that 
sin 25° sin 35° sin 60° sin 85° = sin 20° sin 40° sin 75° sin 80°. 
Solution. Using Example 2.12, we obtain 
1 
sin 25° sin 35° sin 85° = sin 25° sin(60° — 25°) sin(60° + 25°) = qi sin 75°. 
Similarly, we have 
. O_: O _s O 1 * ‘@) 
sin 20° sin 40° sin 80° = a sin 60°. 
1 

It follows that both products are equal to 7 sin 60° sin 75°, in particular they 
are equal. 


Example 2.18. Show that 


S =cos— ase eee se 
ena / 7 7 oD 


Solution. We have (by transforming the products into sums) 


OT ye AT: SOM a RO OO ce 
25 sin; = sin- — sin + sin +sin-— —sin-— =sin 7, 


7 7 7 7 7 7 


a lige pe aes 
7 ia ae 7) 


The result follows after dividing by sin 7, which is nonzero. 


because 


68 Chapter 2. Telescoping Sums and Products in Trigonometry 
_— Sr CMH!VGTAM.ME:@Math_HOOKS  —S—s—‘“SSNSNSSTT....C.......LOC‘(’TO 


elegram.me-@math_books 
Example 2.19. Prove that 


2 3 
cot? + cot? = + cot? —— Ere 


Solution. Using 


cot? a — 1 
cot 2a = ————- > cot*a = 2cotacot2a+1 
2 cot a 


and 
cot(7 — a) = —cota, 


we get 


2 
cot? = = 2eot > cot +1 


7 
27 27 3 
cot? — 7 = —2 cot 7 cot — +1 
3 3 
cot? — = —2cot — cot 2 + 1. 


Summing those up, we get 


27 
cot? — +cot? — * +eot? dl = 34+2{ cot ie cot cli — cot on cot df + cot aa , 
7 7 7 7 fa t 7 7 


Then, using . 
cota+cot $= Be) 
sin a sin § 


the sum becomes 


. on 

9 1 9 27 9 3T 27 37 ean a 
cot are ae ee aw =ste cot = cot — — cot = 7. On 
a ea 


cos 2 cos et cos on 
ei 
sin sin — 


7 
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7 270 n 20 9 
Oe gar ee (2 +5) ; sin > sin 


=3+42 ——ss +2—__E =5. 
sin > sin sin — sin — 
Note that this equality can be seen as an instance of the general formula 
2n+ 1 
( 3 ) n(2n — 1) 


nm 
Scot? au = SS = 
2n+1 “ 3 


k=1 
1 
(for n = 3 we get our result). This general formula holds because as we will 
see in Example 3.5 in the next chapter 


T pet 27 Pe ma 
2n +1? 2n+1>’ 2n+ 1 


cot? 


are the roots of the equation 
mr 
2n+ 1 
| ‘is n—-?Pr — 0 
el Cee 
r=0 
(and we can therefore evaluate their sum by Vieta’s formulae). Thus, in our 


particular case, 


1 Zi On 
cot? = cot? ee cot: —— 
a ¢ 7 


are the roots of the equation 


3 
7 
) (—1)" 4 * yer = 7x° — 357 + 217 —-1=0 
r=0 


which proves once again that their sum is 5. 
Example 2.20. Show that 


2 
tan © tan tan = = V7. 
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Solution. We have 


7tant — 35tan®t + 21tan°t — tan’ t 


tan 7 = i 
a 1 — 21tan?¢+ 35tan‘t — 7tan®t 


(why? again, see the next chapter for a clever way of proving this), which 
yields (by replacing t with 1/7, 27/7, 37/7, respectively, and by using the fact 
that the tangents of these numbers are not zero) 

7 — 352 + 212” — 2° =0 6 2° — 212” + 35a —7=0 


for x € ¢ tan? ” tan? zen tan? an 
c ‘a 7 


As the numbers from this set are mutually distinct, they must be all the solu- 
tions of the above equation, therefore their product is 7 (by Vieta’s relations): 


9 27 
tan = tan? 7 an? = 7. 


Since all the tangents involved are positive, the conclusion follows. 


Example 2.21. Show that 


2 
4sin = ~ tan 7 = aT: 


Solution. Again, by 


7tant — 35tan®t+ 21 tan°t — tan‘ t 


tan 7t = ———————__ uv. — 
7: 1 — 21 tan?t+ 35tan*t — 7tan®t 


we find that the six roots of the equation 
x° — 21z* + 352° —7 =0 


are +tan7/7, +tan 27/7, +tan 37/7. 
Now, since 


2° — Qin* + 35a? — 7 = (a? — 7x)? — 7(2? +1)" 
= (a? + V7? — 72 + v7) (x3 - Vix? — 72 - v7), 
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we have that z 
u= tan — 
7 


is a root either of 

P(x) = 2° + V7a? — 72 + V7, 
or of 

Q(x) =a? — V72? — 7x — V7. 
Because 


P(0)P(1) = v7 (2v7 = 6) <0, 


71 


P has a root in the interval (0,1), and that can only be tan7z/7 (from the 
numbers ttanz/7, +tan27/7, +tan37/7 this is the only one between 0 


and 1). Thus we have 
u? + /7u? — Tu+ V7 = 0 


which can be read as 


1+ u2 
meaning that 
T 
4sin — —tan—=—v/7 
in 7 an : J/7 
if we use 
2tana 
sin 2a = 5 
1+ tan’a 


Example 2.22. Show that 


ee) a ee at = ¢/2 ( 7) 
cos —- + COS cos = = 5 \° 34/7). 


Solution. This is a famous identity of Ramanujan. We have 


cos zi + cos ab + cos oh = cos zl cos ul eee = 
7 ri a 7 f( —_—, 


as we showed in Example 2.20. ‘Then 


cos zl cos ail + COs zl cos sul + cos al cos aul 
7 7 7 v 7 7 
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ae Sy ee ee La a Le alls 
~2 q 7 7 7 7 7 
= : ae + cos Hk cos sii i + cos an cos on 
9 7 7 7 7 7 7 
= Perel bg : 
_ 7 7 7 2 
and 
167 
cos a cos an cos si = _ — : 
i 7 7 2 on R: 
sin — 


Thus, letting 


| 2 | 4 / 
a=* 2eos =, b=* 2eos =, andc=/?* 20s — 


we have for a®, b?, and c? the equations 
a+b+c =-1, ad? + b'c2 + 8a? = -2, ad??? = 1 => abc= 1. 
Let x =a+b+cand y=ab+ bc+ca. Then 
a® +b? +c? — 38abe = (a+b+c)(a? + b* +c? — ab — be — ca) 
=> a(x? — 3y) = —4. 
In a similar way (with ab, bc, ca instead), 
—5 = (ab+ bc 4+ ca)((ab + bc + ca)? — 3abe(a + b+ c)) = y(y? — 32). 


To solve the system for x, use the first equation to get 


— a +4 
Ba 


and substitute. We get 


(a? + 4)((x? + 4)? — 272°) 


yes 2723 
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0 = 135° + (x? + 4)(x® — 192? + 16) 
=" — 152° + 752° + 64 = (2° — 5)? +189 
=> (5-23 =7-38% s2= 1/5-30/7 
as desired. 


Example 2.23. Prove that 


a T ie OF pel _ 1 134+ 3V13 
"13 13 13.2 > 


Solution. After squaring both sides (which are positive) and after transform- 
ing products into sums we need to prove that 


Bt duee Nhe 2 cL cL el _ 143v13 

13 ~~ 413 13 13 13 13) 4° 
Let 

cos liege cs ee as 
13 13 13 
and 
cos a + cos al + cos eal 
13 13 is? 


Then we compute that 


1 3 
ETY=—5 and ry = —7. 


Indeed, the first of these is a special case of the next problem, since we have 


6 sin cos is 
k : 12 
r+y=) cos —— = 13 Pa 13 
k=1 13 sin — 
13 
sin on cos uy sin al 
= (3 43 1 i3,_ 1 
Seat } —_ vie — D e 
sin sin 
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The second follows by expanding and repeatedly using the formula 
2 cosacos b = cos(a + 6) + cos(a — b). We get 


2 Cc En Ds ceegel Sages + co see i gee aC eee 
a came 13 13 13 13 "13 
+ cos —— zat + cos — zl + cos —— ai + cos — an + cos —— a + cos on 
13 13 13 13 13 13 
ines” + co al meee gage egg + cos =f 
13 13 13 13 13 13 
=(3 il Seeaaee ieee ie ggg meee ees ea 
— 13 13 13 13 13 13 
(where we also used cos(2a — a) = cosa), hence 
= ve +y)= ae 
OL 
Thus (as x is positive and y is negative), 
V13—-1 V13+1 
x= ——— and y = —-——_—_.. 
4 A 
Consequently, 
cos ai eee ch cage ai — 2 Pens + cos Be dae ull 
13 13 13 13 13 13 
V13—-—1 v134+1 1+ 3V13 
= “A § » = _ 


Example 2.24. Evaluate 
mT 
SS cos kx. 
k=1 


Solution. Assuming that x #4 2mz7, m an integer, we multiply by 2sin 2/2. 
From the product-to-sum formula we get 


n Tr 
_ & 1 1 
2 a sin 5 coskx = ) (si (: + 5) xv — sin (: — 5) c) 


k=1 
= sin pace tee ang i ae 
— 2 2 ~ y) :-* 
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Therefore we get 


(n+ 1)a 


. nx 
sin — cos 
= 2 2 


1 
k=1 2 sin — 2 sin 5 
Clearly, when x = 2m7, ™ is an integer, the answer is n. 


Example 2.25. Prove that, for all real numbers x 4 2mn (with integer m), 


we have 
_ nz, (n+1)zr 
sin — sin —————— 
sinx + sin 2x +sin3x +---+sinn2 = ——__, 2 _. 
sin 5 


Solution. As in the previous problem, we multiply the sum with 2sin 2/2, 
and use formulae for transforming products into sums and vice-versa: 


nm mr nr 
1 1 
2sin =) sin ke = Do 2sin 5 sin ke = S- (cos ( — 5) x — COs (: + 5) c) 
k=1 k=1 k=1 
2 1 1 
—— cos = — cog Unt Ue = 2sin ™ gin OF VE 
and this is what we had to prove. Of course, for = 2mz the sum is 0. Note 
that mathematical induction can be used in such problems, too. 


Also, observe (and prove) that the slightly more general identity 


na. ( n—1 
a a 1 i a 


2 
sing +sin(x+a)+---+sin(z+(n-—1)a) = 


sin 
2 
holds for any real numbers x and a 4 2m7, m € Z. 
Example 2.26. Prove that 
in 2 
cosx + cos 3z + cos5z+---+cos(2n —1)z = ies ed 
2sin x 


where x #mr7, ME Z. 
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Solution. Indeed we have 
Tm nr 
2sin x S- cos(2k — 1)z = Ss” (sin 2ka — sin(2k — 2)z) 
k=1 k=1 
= sin 2nz. 


Actually, the more general identity 


Gane 
sin — cos 
cos xz + cos(x + a) +--+ + cos(x + (n — 1)a) = ——+_, —*+ 
sin — 
2 
holds for a 4 2m7. Can you prove it by inducting on n, or by multiplying the 
sum with sina/2? 


Example 2.27. Prove that, for x ~ mm with integer m, 


1) si —nsi 1 
sinza+2sin27+ 3sin3z%4+---+nsinnz = (terse peed) 


4 & 
Asin? — 
sin 9 


Solution. We differentiate with respect to x the equation (that we obtained 
earlier) 
(2n+ 1)x 


sin ————_—— 
3  cacaae cml 


2 a 
Sin 9 


bo | 


and thus get 


2n+1. a2 (Q2n4+1)e 1. (Qn4+1)ce_ 
sin — cos —__——. — — sin ~———— cos — 


Tm 
—)_ ksin ka = —*—__*_____4___,, #£__# __« 2 Z Z a 2 2 
2sin’ = 


(2n + 1)(sin(n + 1)x — sinnzx) — (sin(n + 1)z + sin nz) 
7 8 sin? — 
2 
_ 2nsin(n + 1)x — (2n + 2)sinnzx 


L 
8 sin* = 
sin 5 
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and the desired result follows. 
We can also evaluate the sum multiplied by 2 sin x /2: 


oe Senet ” (2k — 1)a (2k + 1)a 
dein) ksinke = Jk (cos => ar 
k=1 k=1 
” sli —1)z (2n + 1)zx 
= 5 cos =iCOs = ——————. 


k=1 


Now, by the previous example, we have 


” (2k—l1)x sinna 
) er, aan ae 
sin — 

2 


and the result follows after a few more manipulations with product-to-sum 

formulae (actually only one such formula is needed), and, of course, after 

dividing by 2sinz/2. The method of induction is also available in such an 

exercise: try it! Also, try to prove (with or without mathematical induction) 
that 

1 — 1 ee 

Octet 

2 
Asin 5 


holds — again for any real x different from any even multiple of z. 


Example 2.28. (USAMO, 1992) Prove that 
1 1 1 cos 1° 


Solution. Multiplying the relation by sin 1°, we obtain 
sin 1° sin 1° ae sin 1° _ cos 1° 
cosQ°cos1°  cos1°cos2° cos 88° cos 89° sin 1° 
This can be rewritten as 
sin(1°—0°) — sin(2° — 1°) sin(89° — 88°) 


vee = cot 1°. 
cos0°cos1°  cosl°cos2° cos 88° cos 89° 
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From the identity 


sin(a — b) 
tan a — tanb = —————_., 
cos a. cos b 
it follows that the left side equals 
89 
S- [tan &° — tan(k — 1)°] = tan 89° — tan0° = cot 1°, 
k=1 


and the identity is proved. 


Example 2.29. (IMO Longlist 1966) Prove that for every natural number n, 


k 
and for every real number x # or 1=0,1,...,n, k any integer 
: = cot xr — cot 2”z 
sin2x sin4zx sin2’2 , 


Solution. By the double angle formula for cosine, 
cos 2"¢ = 2cos* 2*-1z — 1. 


Dividing both sides by sin2*z = 2sin2*~1xzcos2*-!x (which is nonzero for 
the given values of x), 


= cot 2°-!z — cot 2® x. 


k k-1 
cot 2°z% = cot 2 rL—- — => 
sin 2k x sin 2kx 


Hence, 
n Tr 
1 
5 —__—_ = S (cot 2*-le — cot 2* x) = cot x — cot 2”"z, 


sin2Qky 


and the conclusion follows. 


Example 2.30. (USAMO 1996) Prove that the average of the numbers 
nsinn°?, n= 2,4,6,...,180 zs cot 1°. 
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Solution. Instead of showing that 


2sin 2° + 4sin 4° + 6sin 6° + --- + 180sin 180° s 
——— gg cot 1”, 


we will prove the equivalent form 
2sin 1° sin2°+4sin 1° sin 4°+6sin 1° sin6°+---+180sin 1° sin 180° = 90cos 1°. 


By the product-to-sum formulas, the expression simplifies to 


90 90 
Ss" 2nsin 1° sin2n° = S- n|cos(2n — 1)° — cos(2n + 1)°] 
n=1 n=1 
90 
= —90 cos 181° + Ss cos(2n — 1)° 
n=1 
90 
= 90cos 1° + S- cos(2n — 1)°. 
n=1 


It now suffices to show that 
90 
S| cos(2n —1)°=0. 
n=1 

Using the identity cos n° = — cos(180 — n)°, 


90 
Ss” cos(2n—1)° =cos 1° +cos 3°+-: --+cos 89°+cos 91° +---+cos 177° +179° 
n=1 


=cos 1°+cos 3°+- --+cos 89° — (cos 89° +- --+cos 3°+cos 1°) 
=0. 


Example 2.31. Evaluate the product 


n 
Dhar 
2 
I] (1 - tan =a). 


k=1 
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Solution. Since 


cos 26 
1 — tan? 6 = 
. cos? 8 
we can rewrite the product as 
ok+17, 
n ok n cos—— 
TT (1-0? 7) = 1 
m4] PH 
k=1 k=1 cog? ——— 
which is equal to 
cos ll Cos ol cos oe cos ant 
2r4] Qn +] 274] Qn +1 
cos? cos? cos? cos? of 
Qrn4] Qrn4 4 gn4] 2r4 J 
We can cross cancel some of the factors from the numerator to get 
ontle, 
cos ma] 
cos? af cos ad cos Be cos za 
2r+1 2° +1] 274+] 2?°+1 
7 1 
7 Cos CO an Os en Cos eth 
2-41] 274+] 27 4+ 1 2r+1 
because 
gntl 1 gntl 1 On 
cos 5 = 008 ( 2m ma) OF on 1 


Since the double angle formula for the sine gives the general formula 


n—1 sin2z sin4zr sin 2" 7 sin 2"24 
cos 2 cos2%---cos2" “x = — _— oa = — 
2sinx 2sin2zr 2sin 2° +z 2” sin x 


the product telescopes to 
27 T 

2” sin ——— 

may ~ ony] 

gn+1, i. 


2” sin 


= 2", 


Chapter 2. Telescoping Sums and Products in Trigonometry 81 


Telegram.me:@math_books 


Example 2.32. (IMO Longlist 1967) Prove the identity 


= 2k ok 
Ss” (*) (tan = ee lee? 5 + sec” x 


r\k 
k=0 1 — tan? =| 
( " 2 
for any natural number n and any angle x. 


Solution. This problem relies on binomial coefficients and the binomial the- 
orem, the reader unfamiliar with these should consult the Introduction, or the 
chapter Combinatorial Identities and Generating Functions. For the solution, 
denote 

A= tan’ = 


Then 


4b 4 
A+1=tan? — +1 = sec? — 
+ an 5 —+ sec 5 


and by the half-angle formula 


x 
1+ tan? — 
1+A _ Balmer 


1 
—_—_ qm = = 5 ; 
1-A 4 _tan2?™ cosa is 
2 


Thus 
He (tan =i late Zs - 
k=0 (1 — tan? =| 
2 
= : (;) (tan? =| 1+ 2" 
aay : (1 - tan? =| 
EQ) (0+ aaa) EOE) 
= 4 ‘+ ae > k; > oe (1 — A)é 
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1A 
=(A+1)"+ (4) = (sec? =) + (sec x)” = sec?” 5 + sec” x, 


and the problem is solved. 
Example 2.33. Suppose x #4 nz. Let 


49 Al 42 A” 
2 cos? # = cos? 2x = cos? 42 sie cos? 2x 


(a) Prove that 


1 4 1 
cos? 2 sin? 22 7 sin? x 
(b) Prove that 
qn+l 1 
7 sin2Q74+12 sin? | 
Solution. (a) We have, indeed, 
4 1 | 1 1 1 —cos* x _ ot 
sin?2r  sin?x sin?xcos?x sin?x sin2?xcos?z  cos?z 


(b) According to the first part, we have 


Ak 3 4k+1 4k antl 1 
cos’ 2kx ad sin? 2Qk+ly ~— gin? Qk gin? 2"+1yz ~~ sin? x 


Example 2.34. Prove that 


89 89 
[| intan 55 = 2 Intan T59 
| = nn A5n 
Solution. Notice that U Intan 180 has the term In tan ico 0, so 


89 ae 

l = (): 
I] ntan 180 0 
n=1 
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As for the sum, we have 


=o nr ae nT Adi 
a ee se an ee 
= (TI a” 780 U ae. =) 


44 
nT (90 — n)x A5a 
=In (TI (‘an 180 -tan wa) -tan | 


Example 2.35. Find in closed form 


Dt uses = Oo OE sg SE -, O8 pH! ng. Oe 
5=singsindz +sin>sin-— +sin57sm 55 +-:: +sin 5 sin 5 7- 


Solution. We have 


3 3 3 
a 2sinesin 3x + 2sin 5 sin > + 2sin = sin 5 +-+++2sin ai sin i 


v L x 
= cos 2a — cos 4x + cos & — cos 2x + cos 5 ir — C08 5 


4+++++ cos 


4b; 4 bi 
9n—2 eee 9n—3’ 


hence, after cancellations, 
1 
>= 5 (— cos 4a + cos =) 
Example 2.36. Find in closed form 


S = cos = + 20s = cos 35 + +--+ 2""1 cos = cos 55 ++ cos =. 
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Solution. As we have seen before, there is a standard evaluation of the 
product that represents the general term of the sum, by using the formula for 
the sine of the double angle. Namely we have 


Using the formula for the difference of cotangents, that is, 
sin(b — a 

cota — cotb = ae): 
sin a sin b 


we can write 


ft x 
1 oa & ~ EH) x x 
= a = 00t sear — Ct 


9k ok sin Qk+1 


Thus, 


_ 1 L 
ae sin & i” onti cot =| 
Example 2.37. Prove that 
Sg ae ee ee ey cot Z, 
2 2 22 92 Qn Qn gn ~~" gn 


forx#kn, withk € Z. 


Solution. By using the formula (which we invite the reader to prove) 
tana = cota — 2cot 2a 


the sum telescopes yielding the desired result: 


nr nm 
1 Lo 1 x 1 c 1 
5k YD oe = ) ak 0% ok — pR-1 OO oR — on cot = — cot. 
k= 


Chapter 2. Telescoping Sums and Products in Trigonometry 85 


Telegram.me:@math_books 
Example 2.38. Prove that 


tan(n + 1)z 


nm 
k k+1)re=—- 1 
Stan ztan(k + 1)z (n+1)+ ae 


k=1 
holds for any real number x 4 mr/2, with integer m. 


Solution. We have 


tan(k + 1)x2 — tankz 


pe On ee ean eile 


implying 
1 
tanketan(k +1)x¢ = —-1 tan(k + 1)z —tankz). 
an ka tan(k + 1)x + pak an(k + 1)x — tankz) 
Consequently, 
nm 
se kz tan(k + 1)2 = se (-1+ 7 stan(k +1)x2 —tan kz) ) 
k=1 k=1 
1 
——— t ljx—t 
+ tana an(n + 1)a — tanz) 
tan(n + 1)z 
(ony 4 ent De 
tan x 
as we intended to obtain. 
Example 2.39. Prove that 
cosx  cos(2z) cos(nz) sin(n+1)z 
DSi Deg Oe ee eee 
cos'x cos’ cos” x sin x cos” x 


for any real number x 4 mr/2, m € Z. 


Solution. Careful examination of the given result strongly suggests the tele- 
scoping formula 


coskx  sin(k+1)z sin kx 


coskr  sinxcos‘x  sinxcos*-!x 
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for k = 0,1,2,.... Indeed 
sin(k+1)c _sinkg sin(k + 1)x — sin kx cos x 


sinzcoskxr  sinzcos*-!xr sin x cos* x 
sin x cos kz cos kx 


sinxzcos*'x  cos*z 
Now the evaluation of the sum is clear: 


nr nN e e 
3 cos ka . sin(k + 1)x sin kx 
cost 7 sinxcos*z sinxcos*-!z 


_ sin(n + 1)x 
~ ginzcos” x’ 
finishing the solution. 


Example 2.40. Let n be an be an integer with n > 2. Prove that 


n k n gk 
tan E G+ =) a cot E G-=7)| 

I 3 3” — 1 Il 3 37 — 1 
Solution. Let 
g-ly 
37 — 1. 
It is easy to see that, for all n > 1 and for all k € N, a,x is defined and different 
from any of the numbers +\/3 and +1 j J/3. 
Our equation can be written in the following equivalent forms 


ap = tan 


V3 + ag 14+ V3a; 
Tse = ae V3 — ag 


Tm 
3 —a? 
—— 
= II 1 — 3a? 
k=1 k 
oF “3 = 
cy Ok 1 — 3a; 
"a 
k+1 
S&S — | 
II 
k=] 
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The last one is trivially true since 


1 n 1 
=i: —<——=, 
3” — 1 3” — 1 
Note that we used again the formula for the tangent of the triple angle, when 
3Qk oS a? 
e replaced ———= by ag. 
we Fep 1 — 3a? Y Gk+1 


Example 2.41. Prove that 


nmr 
kr 1 
) (—1)*-1 cos = -, 
4 2n+1 2 
Solution. Remember the formula 
( (n — ot) 
sin —cos{ 2+ 5 


> cos(z + (k — 1)a) = 
k=1 


After using (—1)) cost = cos(t + jm) for every term of the sum, we can apply 
this formula here with 


and a= oa 
2n+1 — Wn+1 


We will have 


k=1 
n(n +1)r nT 
= 2n+1 2n+1 
(n+1)r 
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oa n(2n + 1)r hee nt a nT 
- 2n +1 2n+1 _ 2nt+1 _1 
_ (n+1)r _(n+1)r 2 
2 sin ———_—— 9 sin —————— 
on 1 On +I 
1 
because sinnz = 0 and eee + ode — 7 


2n+1 2n+1 
Example 2.42. Prove that for alln > 1 


TT cos = pe 
In +1 Qn 


1 
Solution. Since sin Sere is nonzero for 1 < k < n, it suffices to prove that 
n 


. kr kr - kr 
TT si = |[si | 
Use alle [sin 


Using the formula sin 27 = 2sinzcosz, the left-hand side actually is 


. kr + kr = kr 27 
or TT si = 2si 
[sng ea Wea II ( sin cos 5 


Tm tm 
_ kr _ Qkr 
Hoge = [singer 
Since sin(7 — x) = sinz, we can write 


= kr kr kr 
I] sin ———— = I] sin I] sin (x — 
k=1 én+1 1<k<n, 2|k ne 1<k<n, 2|k+1 an +1 

_ kr _ {(Qn+1—k)x 
I] sin on + 1 ; I] sin (en : 


1<k<n, 2\k 1<k<n, 2|k+1 
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When & runs over all odd numbers between 1 and n, the number 2n+1—k 
runs over all even numbers between n+ 1 and 2n and the result follows. 


Example 2.43. Evaluate 
2 ok— 1 cos 2*- 
sin? 2k-ly = 


Solution. We have 


cost _ 20s? = — 1 1 1 
sin’ t ae? - née 5 Dine 5 sin’ t 
therefore 
yk=1 £08 1, n ok-2 ok-1 
2 wel = Loy ge» (<3 Qk-27 sin? =) 
1 pn-1 


7 dein? sin? 27-1 z 
2 
Example 2.44. Prove that for real numbers a and b, with sinb ~ 0, we have 
3 eee re = ae + nb) — tana). 
ae cos(a + (k —1)b)cos(a+kb) — sinb 


Solution. We have 
1 _ 1 sin((a+kb) — (a+ (k —1)b)) 
cos(a + (k —1)b)cos(a+kb) sind cos(a+(k—1)b) cos(a + kb) 


= —— (tan(a + kb) — tan(a + (k — 1)8)), 


sin b 
hence 
Tr 1 nr 
Ss (t kb) —t k —1)b 
> cos(a + (k — 1)b) cos(a + kb) ae ae nar )®)) 
1 


= ap tanta + nb) — tana). 
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Example 2.45. (Baltic Way 2014) Show that 


1 


cos(56°) - cos(2 - 56°) - cos(2? - 56°) -... - cos(27% - 56°) = ee 


Solution. Of course, 


23 1 
sin © I] cos 2"2 = —— sin 272. 
924 
k=0 


For x = 56, we have 
274.56 =56 (mod 360), 


since it is equivalent to 
7(274 1)=0 (mod 45), 


and this follows either from Euler’s theorem (using ¢(45) = 24) or from direct 
computation that 5|24— 1 and 9|2°—1. Thus sin 2742 = sin z and we’re done. 


Example 2.46. Compute, for a given real number z, 
“.. xg ,. Qa 
S- sin 3h sin 3K 
k=1 
Solution. Using the formula 
2 sin asin b = cos(a — b) — cos(a + b), 
we obtain 


det cy cae, 1 x x 
sin 5 sin 5 = 5 (cos ap — cos). 


We obtain therefore a telescopic sum, with value 


Tm 
) ee ee = (cos = — cose] 
[0 3k 3k 2 3 
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Example 2.47. Evaluate 
> arctan foeant 
k=0 
where arctan stands for the arctangent function. 
Solution. In the solution we will use the subtraction formula for the tangent 


anit b) tana — tanb 
a — b) = ————___., 
1+tanatanb 


which gives the formula for the arctangent 


uUu—vV 
l+uv_ 


arctan u — arctanv = arctan 


For simplicity, set a, = arctan k. Then 


fanta 2 _ tan axz41 — tan az 
eee Rem 1+ tanagz41 tan az 
_ k+1—-k 1 


 14+k(k+1)) +R. 


Hence the sum we evaluate is equal to 


Tm nr 
SS arctan(tan(az41 — ax)) = S_(@e41 — ag) 
k=0 k=0 
= An+1 — 40 


= arctan(n + 1). 


Example 2.48. Prove that 


Tr 
1 

) arccot (2k*) = arccot € + =| 
n 


k=1 


92 Chapter 2. Telescoping Sums and Products in Trigonometry 


: 1 
Solution. Because arccot x = arctan (=), we get 
x 


n (2k + 1) - (2k — 1) 
d arccot (2h) => arctan (sa a) > 3 arctan aan eae 
= S (arctan(2k +1) — arctan(2k — 1)) 
k=1 


= arctan(2n + 1) — arctan(1) 


= arctan Ze a 
= 1+ (2n+1)-1 

m+ 
= arctan = arccot 


2n 
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Chapter 3 


Complex Numbers and 
de Moivre’s Formula 


Every complex number z can be written in the from 
z=a2+ty = |2z|(cosu+isinu), 


where |z| = \/x?+ y? is the modulus of z. The most famous formulas that 
help us in dealing with complex numbers are 


e Euler’s formula: 
e’* = cosx+isinz. 


e de Moivre’s formula: 
cosnz +isinnz = (cosx +isinz)”. 


Using de Moivre’s Theorem, we can develop an understanding of roots of 
complex numbers, starting with roots of unity. 
To say that z = |z|(cosx +isinz) is an n*” root of unity means that 2” = 1, 
and this requires 

jz|"(cosnaz +isinnax) = 1. 
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To satisfy the requirement, we need |z| = 1 and cosnz = 1. The latter is 
satisfied if and only if x = 2k7/n, where k is an integer. It follows that every 
n” root of unity is of the form e*, where 


2M. <2 on Qin 
—€ = cos— +2z7siIn— =—enr. 
n nN 


Let us look at some examples. 


Example 3.1. If r and t are real numbers, and -1 <r <1, show that: 


(@.@) 
1—rcost 
k 
kt = ——_—_—_—_-.. 
(a) dur ie 1 —2rcost+ r2 


k=0 

= rsint 
b k sin kt = ———_—_____—. 
) dar - 1—2rcost+ r2 


Solution. We first prove that, for any positive integer n, 


n—1 
1—rcost —r”cosnt +r"! cos(n — 1)t 
An = eC A a i aC a 
. a ° 1 — 2rcost+r? 


and 
n—l 


B= r® sin kt = 
k=0 | 


rsint—r"sinnt +r”*! sin(n — 1)t 
1—2rcost +r? , 


Indeed, with z = r(cost +isint), we have 


n—1 n—l 
An +tBpn = S- r™(cos kt + isin kt) = S- z* 
k=0 k=0 


1-2" — 1-r"cosnt —ir" sin nt 
 1l-z 1-rcost—irsint 
(1—r” cosnt — ir” sinnt)(1 — rcost +irsint) 


(1 — rcost — irsint)(1 — rcost + irsint) 


_ 1-rcost—r”cosnt+r°t! cos(n — 1)t+ i(rsint — r” sinnt + r°t? sin(n — 1)t) 
7 1 — 2rcost+r? 
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and the conclusion follows by equating the real and imaginary parts from the 
left and from the right. Because |r| < 1, we have 


lim r”cosnt = lim r”sinnt = lim r™*! cos(n — 1)t 
Nn—-Oo n—-Co NOOO 
= lim r"*! sin(n — 1)t = 0; 
N— OO 


consequently, 


l1—rcost 


CO 
k e 
dr coskt = lim An 1 — 2r-cost +r2 


k=0 


and, similarly 


rsint 


CO 
[ae i 
Rea li 
7 7 n-too "1 —2rcost + r2 


Example 3.2. Prove the trigonometric identity 


Solution. From the de Moivre’s Formula we have 


er ae \" 1 c/n a ee 
costa = (SE) = (Ee eh 
k=0 


1 w/n) , 
= i(n—2k)x 
en (ie 
k=0 


To justify the last step note that we started with a real number, so the imag- 
inary parts must cancel out and only the real part of each term contributes. 
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Example 3.3. Let n be an odd positive integer and let z be a complex number 
such that 


Evaluate 


Solution. Let 


Repeatedly applying the identity 


1 1 iy 1 
(a+ 241) (a+ 7-1) = (+2) -l=@+— 541, 
a a a a 
we have that 
1 1 1 n- 1 
(2+ 5 +1) Ly (2+ 5 +1) (24+ 5-1)--(4 + oer +1) 
z Zz z z 
n 1 
= (2 ++ on ++ 1) ; 
z 
However, from the given condition we have that z” = z. Thus, 


1 1 
(24541) z= (24541). 
Zz Zz 


1 
Now, since the roots of z+ — + 1 are primitive 6-th roots of unity, they are 
Zz 


not (2” — 1)st roots of unity, and hence 
1 
aor s +1 a 0. 


Hence, it follows that Z,, = 1. 
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Example 3.4. Prove that for alln € N the following is true: 


nr 
ka 
nT e 
2 Ul sin ae =— /2n+1. 


Solution. First we prove the following: 
n—1 
k 
I] sin = n-2h-, 
n 
k=1 


1 —1ZL 


e 
—— the product is then equal to 
1 


w—wot\ fw? —w-2\ fw? — wr yM—1 yy (n-1) 
( 2i ) ( 2i )( 2i Je 2i 


we (1 _ meal = w*)(1 7 us?) tee (1 _ gy AD gh OD (py a), 


im, 
Let w=en. Since sinz = 


Since w"/? = i, it remains to show that 
(l—-w*)(1-w~4)(1—w®) (Le P) =n, 
Consider the polynomial given by 
Pa=(G=6 View \e-w esa -Y). 


We know its roots are all complex n-th roots of unity except 1, so we must 


have 
ce” —1 


[apg pose tg, 
z—l 


P(x) = 


Putting « = 1 completes the proof of the product formula. 
Now we may proceed with the problem: We may write the product formula 
we just proved as 


s kw an kr mal kw 
a | es ee hy 
Sale 2n+1 aaa 2n-+1 oS 2n-+1 
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Using sin(a — x) = sinz on each term in the second factor on the left, gives 


[] sin ——— ] = (2n +:1)2-?*. 
ra 2n+1 


Solving for the product gives 


nm 

k 
|| sin £2 9P hy, FI 
k=1 


2n-+1 


as required. 
Prove in a similar manner that 


n—1 n—1 
kr = =/n 
[[s=— = [] cos = 5n—1" 


Example 3.5. For each positive integer n prove that 


: + cot? ail +++» + cot? La =) =) 
2n+1 2n+1 n+1 =. 8 
Solution. Using de Moivre’s Formula we have 


cot? 


(cosa +isina)” = cosma + isin ma. 
Expanding the right hand side we get 


m = m _ 
) cos” 2 asin? a + (7) 203" tasinta—--- 


2 


: m = ‘ m _ ; 
sin ma = ("7 603” 1 asina — ("3 ) eos” Sasinea —--- 


cos ma = cos” a — ( 


Let us replace m by 2n + 1: 


Z 1 
cos(2n + 1)a = cos*"t* a — ( - cos*"—' asin? a 
2 1 
see ate ( La ) cosasin?” a 
2n 
2 1 2 1 
sin(2n+1l)a= ( sta ) cos*” asina — ( 7. ) cos*"~* asin’ a 


—..-4+gin2?t! g. 
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Hence 


2n+1 a 2 


sin 
The equation 
sin(2n + l)a 


= 0 
sin2"t! q 


viewed as a polynomial equation in z = cot? a has solutions 


kr (Qn+1—k)xr 
— t? = t7 SEE aE 
Rent peat ee a 


k 
because a, = 4 are the solutions to the equation sin(2n + 1)a = 0. 
n 


Using the relation between the solutions and the coefficients, we obtain 
2n+1 
cae 4 
2n+1\— 
1 


Litteat+-°++- +@ln = 


Thus 
21 n(2n — 1) 
2 2 . 42 
aa hel ona 2n+1 3 

and we are done. 
Example 3.6. Prove that 

1 1 1 

4n +2 4n +2 en Tomi, 


for every positive integer n. 


Solution. Let 


2n+1 nt+1 
P(z) = (z fh 7 a = a ( ane 


in(2 1 2 1 2 1 
= ("F ) (or? ayn — (°F ) cot ayht 41 


99 
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For real z, the real part of P(z) is: 


where 


Now, for p € {0,1,...,n— 1}: 


P t = t 
(co pee) (co petri) 
2 1 


(—1)? 
2p+1 
- 2n+1 
sin 7 5m 


hence we have 


Consequently, 


2p+1 2p+1 
cot po TQ (cot? pt r) = 0 
n 


for all p € {0,1,...,2—1} and then 


2 1 
Q (cot? Pr) =. V0 610 lass=s1 | 
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1 
This shows that the numbers cot? st with p € {0,1,...,n —1} are the 
n 


n distinct real roots of 


so that their sum is 


(" +. 4 
n—1 
2p+1 2n—1 
i =— =n(2n+1 
2 An +2 n+1 es 
2n+1 
and since 1 
= = cot? x + l, 
sin 
we get 
n—l1 1 
S- pa =n(2n+1)+n=2n(n+ 1), 
a, 
=0 
nae 4n+2 
as desired. 


Example 3.7. Prove the identity 


k-1 
n n n n Ze eT NjT 
e = ()+G)+ Qt = EL Eo Ee 
l=0 (mod k) ) 


j=0 
Solution. Let €0, €1,€2,...,€z—1 be the kth roots of unity, that is 
2) 2) 
E5 = cos =F + isin =", 7=0,1,...,k-1. 


An important fact about roots of unity is that the sum ej + €5 +--- +e] is 
equal to k if k divides s, and 0 otherwise. Indeed, if k divides s, then each 
term in this sum is 1 and the sum is k. If k does not divide s, then the sum 
is a geometric series and we have 


ks _ ej(1 — ef®) 


ef feof tes tei Sef te +. tel = 0. 


§ 
Ieee 
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We have 
k-1 n fy [k= LE! : 
atey= 50 (") dei] =F a 
7=0 s=0 . 7=0 4=0 J 
Since . . . 
l+eé;= 2cos (cos 7 isin | 


it follows from the de Moivre formula that 
k-1 k-1 a inte He 
>» +e;)" = 2" Ss cos” = (cos —— + isin “| : 


Matching the real parts we get the desired result. 


Example 3.8. Let n be a positive integer, €9,...,€n—1 be the nth roots of 
unity, anda, b be complex numbers. Evaluate the product 


n—1 


[]@ + bez). 


k=0 


Solution. By definition, €9,€1,...,€n—1 are roots of the equation x” — 1 = 0, 
over the complex numbers. Therefore by the factor theorem we have 


n—l 


[| (@ - ex) =2"-1. (1) 


k=0 


Let z be a solution of the equation z? = 


Then, in an effort to use (1), we write 


n—1 n—1 Z n—1 
[Ta + et) = T]-») (5-2) =o Te -b 


n—1 


n—-1 
= (-b)" [| (2 - ex) [] (e+e) 


k=0 k=0 
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=" TI - en) FI (-2) - en) 
k=0 k=0 


SO (ae) 0 eal eo aes (CAD) ed) el) 


To simplify the (—1)” terms in the above expression, we consider cases of the 
parity of n. 
If n is even, that is n = 2m for some positive integer m, then we have 


n—1 
a\ 2m a\m 
] [ (a + beg) = 0? (24 — 22?” + 1) = a) Oa +1) 
i (-8)"-2(-8) 
= q2™ = 2a™(—b)™ al b2™ = a” = Gab)" )*. 


If n is odd then 


n—1 Pe 
[[ (at be) = o"(-2" +1) = 0" (- Ga, +1) =a" 40" 
k=0 
Thus, 
n—-1 ei ne Ne 
mG + be?) = (a3 — (-b)#) if n is even 
= 
k—0 a” + b” if nm is odd. 
Example 3.9. Prove that 
29 . 
Stan ((6x a =) = —3073. 
= 180 
Solution. For easier writing, let 
1 1 
Ap = (12p+ 1) and bp = (12p+ ) Tap 


Note that tana, and tan bp when p € {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14} 
are pairwise distinct. 
Let 
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be a polynomial of degree 30. 
We have 


_1)* 2k+1 
aad ye 


where Re(w) and Im(w) denote the real part and the imaginary part of the 
complex number w. 
We have 


)3° cos30ap +isin30a,_  =§- V3 +i 
(cos ap)?9 7 (cos ap)%9 ~ 2(cos ay)29 


COs a 7sin a 
P(tanap) = Oars E 


meaning that 


Re(P(tan ap)) 3 
I y) 


m(P(tan ap)) 
that is re 
30 k 2k 
» CD (tan ap) 
i, 30 = V3. 
k 2k+1 
Pr: 1)"(tan ay) 
k=0 
Thus 


15 

30 k Ok+1 _ 
d CJD (tan ap)" vay a Pe Je )* (tan ay) = 0. 
Now, for bp, we can compute similarly 


(cos bp +isinbpy)°*° — cos30bp+isin30b, V3+i 


yo = Se se ee 
cant) (cos bp )°° (cos bp)" 2(cos bp)32’ 


therefore Re(P(tan bp) 
e anbpy)) 
Im(P(tanbp)) — v3 
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and, again 


. alc 1)*(tan bp)? v8) ee 1) (ands) = 0. 


Thus we have seen that the polynomial 


a= (8) kok BY (0) 1)Fg2kH 
= —2°9 — 3073279 + --- 


has degree 30 and the numbers tana, and tan bp, p = 0,1,...14 are 30 distinct 
roots of Q(z). So 


14 


(12p + 1) 
S- tan(12p + ag + Lotte 5, 


= 180 


is the sum of roots of Q and, by Viete’s relations, it is —30\/3. Consequently 


Yan ( (6k + N=) = —30V3 


follows, because the numbers a, and b, together are precisely the numbers 
(6k + 1)7/180, k = 0,1,..., 29. 


Example 3.10. Find the sum 


Solution. We have 


(cosz +isinz)” =cosnz +isinnz 


=> (l+itanz)” = 


1 wick 
ong (C08 nz +isinnaz), 
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or 
nr 
1 
Ss 8 i* tan* ¢ = (cosnz +isinnz) 
k cos” x 
k=0 
for any positive integer n. Replacing here n = 180 and z = am yields 
7m : , 
1 —1)) 
3 iF tan® 2" = —— (cos jz +isin jm) = i 
k=0 ‘ a cos” = cos” a= 
7 180 180 


for j7 = 1,2,...,89. 
Thus the imaginary part of the sum from the left is 0, that is 


89 | 
180 q1 

— 1)P t 7) a ee 
dV) ae 7  T80 


p=0 
89 } 
180 q0 
~ S (-1)? tan?? =_ = 
2 boas) an 80. 


since tan an F89 ~ 0 for 1 < 7 < 89. Thus we found that the distinct numbers 


tan? i = _ 7 =1,2,...,89 are the roots of the 89th degree polynomial 


s7(-1) fal 


180 
a dim ONT? 15931 


t a a 
> TRG ial 3 
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Chapter 4 


The Abel Summation 
Formula 


The next result we want to present is the famous Abel Summation Formula. 
Let aj, @2,...,@n, and bj, bo,...,b,, be two finite sequences of numbers. Then 


aid; + agbe +--+ + Anbn = (a1 — ag)b1 + (a2 — a3)(b1 + b2) + 
a (Qn—1 a An) (bi reas bn—1) zs An(b1 accel by). 


Example 4.1. For 


1 1 1 

Po i ie ete 

f(t)=1+ an dea 

(with positive integer t) prove that 
nr 
1 
S (2k + 1)f( k) = (n+4)2s(n) — MAY 

k=1 


Solution. Define f(0) = 0 and g(k) = 2k +1 for0 < k <n. By the Abel 
summation formula we have 


n—1 j 


So (2k+1)f(k) = > o(k) F(R) = f(r) S— o(k) — SOF +1) - FG) D_ 9h). 
k=] k=0 
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But 
j j 1 
S/9(k) = > (2k +1) =(74+1), and f(j+1)- fj) =—, 
k=0 k=0 J+ : 
sO 2 
S— g(k) = (n +1) 
k=0 
and ; 
n— j n— 
S(fG 41) - £0) > o(k) = SOG +1) = a, 
j=0 k=0 j=0 


and we are done. 


Example 4.2. (Abel’s inequality) Let bj > --- > bn be a nonincreasing se- 
quence of nonnegative real numbers and let aj,...,@n be real numbers. Assume 
that m, M are real numbers such that 


m<ajyt-:-tarp<M 
for alll <<k <n. Prove that 
bpm <aybi +--+ + anbn < 01M. 


Solution. Let A, = aj +---+ a,x. By Abel’s summation formula we obtain 
(with the convention 6,41 = 0) 


ajo, +---+ dnb aS dd (by, — bp41). 
k=1 


Since by assumption by — by41 > 0 and m < Ax < M, we obtain 


nr 


S| m(bi — be41) <S > Ag (by — be41) < 3 M (by — be+1)- 


k=1 k=1 


Both sums appearing in the extreme terms are telescopic and reduce to my, 
respectively Mb, (we recall that b;4; = 0). The result follows. 
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Example 4.3. Let ¢: N* > N®* be an injective function. 


Prove that for all n € N* 
mr o(k) Tr 1 
s 2 a ke 
k=1 k=1 
Solution. The inequality becomes 
$1 (02) 30 
= k\ k 
If we set A, = O(k) 
From the AM-GM inequality we obtain 


k 
Sok RA) eee ee 
t= 


Applying the Abel summation formula yields 


a “ 1 1 
(tees 1) = ee Nh IN agg ee aa 
rie ) Di a z) Oa + a+ + Az ) 


1 


Each term of the sum is positive so we are done. 


——, the the injectivity of @ implies \12-- 
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-Ax > 1 for all k. 


Example 4.4. Let 21, 22,...,2n,Y1,Y2,---,Yn be positive real numbers such 


that: 
(i) iy. < Tayo <+++<ZnYn, 


(tt) ay t+aeot+---+ aR > yi tyot-:- typ, l<k<n. 


Prove that 
1 1 1 1 1 


Se 


LI Ln Y1 Y2 
Solution. Let 


Sk = (t1 — y1) + (22 — yo) +-+++ (Sk — Ye) and zx 
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Then, we have S; > 0 and 2, — Z%41 > 0, for any k = 1,2,...,n—1. It follows 
1 1 1 1 1 1 
LT, £2 Ln Yl = Y2 Yn 


1 1 1 1 1 1 
St ec a esa a II — 
Ly Y1 “2 Y2 Ln, Un 


Yi %1 , y2-— 22 Yn — In 

ay L2Y2 LnYn 

= —S 121 — (So — S1)z2 — ++» — (Sn — Sn-1) Zn 

= —S(z1 — 22) — So(z2 — 23) — --- — Sn_1(Zn-1 — 2n) — Sn2n < 0, 


with equality if and only if S$; = 0, k =1,2,...,n, that is, ry = yr, 
ea ie ees fe 


Example 4.5. Let x1 > 2 > --- > Yn > O and y1,Y2,-..-,Yn > 0 be two 
sequences of positive numbers such that 


Y1Y2°° YR > 2122°+: Ly foralll<k<n. 


Prove that 
Yt yet + Yn 2X14 LQ +++ + Ln. 


Solution. Combining the hypothesis and the AM-GM inequality, we obtain 


AL LAY ERE See Fe 
Lt =X Lk V £12Q°++ XE 


On the other hand, Abel’s summation formula yields (we let r;4; = 0) 


Tm nr 
k 1 2 k 
Yr year+ yn = y sd ‘Lk = S (fk — £41) (B+ Be. +B). 
ta Lk ae Ly L2 Lk 


By assumption 2, —2%,41 > 0 for 1 < k <n, which combined with the previous 
observation yields 


n 
1, 2 k 
yityet--- +n = > (te — oe41) (B+ B+. +H) 
ka] Lt =k2 Lk, 


n 
> > k(te — thy) = t1 teat: +ap 
k=1 
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and finishes the proof (for the last equality Abel’s summation formula was 
used once more). 


Example 4.6. Let a1,a2,a3,...,Qn be positive real numbers such that 


a1aQ°::Aap = (2k)! 
for alll<k<n. Prove that 
1 1 


1 
eee Ss e8¢06©@ o 
ay t+tagt+ TOn2 4a tase On 


Solution. We choose y, = ay and 


1 1 it 


“k= (2k—1)2k  2k—-1 2k 


in the previous exercise. We clearly have 71 > £2 > +--+ > Yn and, by hypoth- 
esis, 


ne ee ee ee ery et dee Oe ee as 
cone =n en OR tap ok mee. = 


for every 1<k <n. 
So the result from the previous example applies, and we deduce 


Yr Yy2re +Yn 201 + L247 °++ + Ln, 


that is, 


1 di 
7 la ea 
1 


TL 
1 2 3 4 2n-—-1 2n 2 A 2n 
1111 1 1 oo 1 
=ptptgtagt tote (Gtat ts) 
1 1 1 
ntl’ n+2 nin’ 


as required. 
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Example 4.7. Let aj,...,@n be real numbers such that aj +---+azp <k for 
1<k<n. Prove that 


Solution. Let A, = a; +---+ a,x, thus by assumption Ay < k forl1<k<n. 
Abel’s summation formula yields 


b9-46E4G-sh)eeEvG-sh) 


Applying once more Abel’s summation formula for the last sum, we obtain 
n—1 1 
1 a 
+i Gj-pa)-LF 
Thus 


as desired. 


Example 4.8. For all a1,a2,...,@n, 61,b2,...,6n such that 0 < ay < ag < 
-< an, 0< db} S bg < +++ < by and 


we have 


Solution. By using Abel’s summation formula we have 


7m 
2 (bi - a) = ara (67 =a?) 


1 k 


i n n—1 
= Se: ( oe) et 
On + An 2| : i) 2 by + a oe + Ak4+1 


(6; =a) 
1 


i= 
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Example 4.9. Let b) > bp >--- > bh > O be a nonincreasing sequence of 
nonnegative real numbers. Let aj,a2...,Qn be real numbers such that 


QQ, +agt+---tap> bi) +bo+---+ by for alll <k <n. 


Prove that 
a, a; Ben Bae SbF bs eee be, 


Solution. We will prove the stronger inequality 
a,b, + agbo + +--+ anbn > be + be 4+.-.4 62. 


To see that this implies the desired result, one can use either the Cauchy- 
Schwarz inequality or add up the inequalities 


az + b? > 2az,b; for 1 <k <n. 
For S, = a, +a2+---+a, Abel’s summation formula yields 
ayby +--+ + Andy = (b1 — b2)S1 + (bg — b3)S2 +--+ + (bn-1 — bn) Sn—1 + bn Sn. 
By assumption 6; — bo,...,0n—-1 — bn, bn are nonnegative and 
Sp > by tbo +---+b, for l <k <n, 


thus 
ayo, +---+anbn = (by — bo )by as (be — b3)(by + bz) 


+-++++ (byp-1 — bn)(b1 + +++ + bp-1) + bn (by +--+ + by). 


Applying once more Abel’s summation formula to the right-hand side, we 
obtain 


(bj — be)by + (bo — bg)(by + bo) +--+ + (bn-1 — bn) (by +--+ + bn-1) 
+ bn(b1 +++++ bn) = bf +05 +--+ +04, 


yielding therefore the desired inequality 


ayby + agbe +--+ + anby > 0? + 03 +--+. 4+.02. 
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Example 4.10. Let aj, a2,...,an be positive real numbers such that 


k 
Sa > Vk for every k =1,2,...,n 


i=l 
Prove that 
mr 
1 1 
) at 1+ 5 t -+ —}. 
n 
k=1 


Solution. We use the previous example, by choosing b, = Vk — Vk —1 for 
1<k<n. We have, indeed, 


1 1 
ee 
> EG ea Seay. es 


for 1 <k<n-—1 and, by hypothesis, 


k k 
Soa > Vk => bj 
1=1 v=) 


for 1 < k < n. Thus the conditions are fulfilled to apply the result from the 
previous example, and to infer that 


Tm n 
Sat> 
k=1 k=1 


But we also have the inequalities 


1 
EAS a ee ee 


fork = 1,2,...,n. Thus, 
nr n va) 2 nm 
1 1 1 
y) y) 
Sa? > b> (=e) > a 
k=1 k=1 k=1 27k . k 


which is precisely what we intended to prove. 
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Example 4.11. (IMO Longlist 1976) Let ao, a1,...,@n,@n+1 be a sequence of 
real numbers satisfying the following conditions: 


ao = Anti = J, \ae—1 — Zar + ap+1| <1 (k =1,2,... ,n). 
Prove that 
k(n+1—-—k) 
2 


Solution. If we substitute a,_1 — az, = b¢_1 so that the hypothesis becomes 
|b, — by41| < 1, we have the following two identities (actually some Abel type 
formulas): 


lax| < (k= 0,1,...,n +1). 


k-1 
—ak = Soi + 1)(b; — bj41) + kb; 
i=0 
and 
n—-1 
an = Y-(biz1 — 0;)(n-— 14) + (n-—k+1)b 
i=k 
We have 
(r+ 1)|ax| = |kax + (n —k + 1)ax| 
n—1 k- 
= |k Y(har —B)en=9] (n—k+1) x (i+ 1)(b; (o~ | 
i=k =0 
yer eee renee ee ee eae 
_k(n-k+1)(n+1) 
nina Seen. 
Example 4.12. Let a, > ag >--: > an be a nonincreasing sequence of real 
numbers. Let 21,...,2n be real numbers such that 
yttgt-:-+4%n,=0 and |ary|+ |xo|+---+ lrn| = 1. 
Prove that 


—-a 
|air4 ar +++ + AnZn| < ar 
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Solution. Define S; = 7|+---+2,, then Abel’s summation formula combined 
with the triangle inequality and the equality S, = 0 yield 


layz1 +--+ + An2n| = 


n—Il 
S (ak — an41) Sk 
k=l 


n—1 
<> |Sel - (an — an41)- 
k=1 


Since 
n—l1 


S "(ax — Ap41) = G1 — An, 


k=1 


1 
it suffices to prove that |.S;| < ; for 1<k<n-—1. On the other hand 


See < max ye Li, S- (—z;) ’ 


j<k,x;>0 j<k,x;<0 
since |a — b| < max(a, b) for a,b > 0. It suffices therefore to prove that 
1 1 
Yoas5 and YS (a) <5 
j<k, x5 20 j<k, xj <0 


for 1 <k<n. For this we may assume that k = n (as in this case the sums 
we are dealing with are maximal). But the hypotheses of the problem become 


> B=) Gaye Det) Gaye 


2520 r74<0 x5 20 x£5<0 


> t= > (-2;) = 4 


x7j20 xri<O0 


which yields 


as needed. 


Example 4.13. (Russia 2000) Det —1 < 11 < 4g:-- < @_ <1 be real numbers 
such that 
ep tay te tap =a + agte + an. 


Prove that tf y1 < yo <--+< Yn are real numbers, then 


ty, +--+ ayn < c1y1 t+ coyo +--+ tnYn- 
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Solution. By Abel’s formula we have 


Yo n(e 3 _ xs) = (yr — yo)(zq> — 21) + (yo — ys) (xy? + 25° — 21 — 22) 4+ °° 


+ (Yn—1 — Yn) (Sa - yo) + (ya Soa). 


Since yx — Yesri < 0 if we prove that 


k 


k 
Dae Com —2;)>0 or Peer Cre —1)>0 
i=1 


i=1 


for all k < n proof will finish. 
If cx, < 0, then once again by Abel’s formula we have 


Ga? — 1) = (a — x2)c1 + (@2 — 43)cg +--+ + (UR-1 — Le)Ck-1 + KCK 


where 


Since —1 < x; < 1 we have 


r 


a St or cr <0. 


2=1 


Thus since we assumed zx; < 0, every term in above sum is non-negative. 
If x, > 0, then xz; > 0 for alli >k-+1 and hence 


nr nr 
) Li = ) fae 
i=k+1 i=k+1 


But since we assumed 


ab 4a) 4...4 033 =a, +a9+---+ 27 
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this implies 


Example 4.14. Let A be a finite set of positive integers such that for all 
different nonempty subsets B,C’ of A we have 


reEB LEC 
Prove that 
1 
So <2. 
acA : 
Solution. Let us order the elements a,j < --- < a, of A and let us fix 
k € {1,2,...,n}. By assumption two nonempty subsets of {a1,...,a,} have 


different sums. There are 2" — 1 such subsets and a, +---+ a, is the maximal 
sum, thus necessarily 


Ge inetd oO Sal Pee 
Letting b, = 2*—!, we obtain 
Qy+:::-+tap > by +--+-+ dy 


for 1 <k <n. On the other hand, it is clear that a,b; < --- < anbn, hence we 
can apply Example 4.4 and obtain 


ne ee pee ee oes eee eee eed 
a1 Grn v4 b, 2 gn-1 


as needed. 


Example 4.15. (USAMO 1982) Prove that for all x > 0 and alln > 1 we 
_ Iz], [20 [na 
x x NX 
fo We aah 
be ee ea 
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Solution. We will prove the result by induction, the case n = 1 being clear. 
Assume that the result holds up to n — 1 and let us prove it for n. Fix a 


nonnegative real number z and define 


2) , (22) 


[ka | 
; 5 ae 


We are asked to prove that a, < |nz|. By Abel summation, we obtain 


n n n—1 
Ske] = oS -k=Nndyn — ye 
k=1 k=1 k=1 


By the inductive hypothesis we have az, < |kx| for 1 <<k<n-—1. Thus 


Nan < S lke] + Ske, =|naz|+ 5 ([ke + |(n—k)a]). 
k=1 k=1 k=1 


On the other hand, for all real numbers x,y we have 


Iz] + ly] < [x+y], 


as this reduces to the obvious inequality 


Liz} + {y}] = 9, 


where {z} = x — |x| > 0 and {y} = y — |y| = 0 are the fractional parts of x 


and y. Thus we obtain 
nan < |nxz| + (n—1)|nz| = n|nz], 


which yields the desired result. 
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Chapter 5 


Mathematical Induction 


Mathematical induction can be very useful for proving statements (like iden- 
tities or inequalities) when they depend on some positive integer. A proof by 
mathematical induction has two important parts. The first is the the base 
case: showing that the statement is true in some initial case. The second is 
the inductive step: checking that if the statement is true for one case, then it 
is also true for the immediately following case. 


Example 5.1. Prove that, for any positive integer n, 


le 12 n(n + 1)(2n + 1) 
ac ae 


Solution. This is a quite simple exercise. We have already seen a proof in the 
introduction, and now we give it as an example for the inductive method (and 
for the beginners). If P(n) denotes the statement of the problem, we have 


1-2-3 

a 

which is clearly true. We still need to show that P(n) > P(n+1); that is, we 
need to get from 


P(1): 1° 


S Getatyngea ee 
6 
k=1 
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that 
n+l 
ee ee ee Maat) ne Cay 
k=1 : 
Indeed, we have 
ee n(n + 1)(2n +1) 
Sh? = STR + ( +(n +1)? = ee + (n+) 
k+1 k+1 
_ (n+1)(n(2n + 1) + 6(n + 1)) 
7 6 
_ (n+1)(2n? + 7n + 6) 
ee 
— (n+1)(n+ 2)(2n + 3) 
<a 


Note that knowing where we want to arrive is always helpful; for example, it 
helps for the last factorization. 


Example 5.2. A formula ezists for the alternating sum of the first n squares. 
Prove that 


Tm 


ere es 
S(t? = (yr 


k=1 
Solution. To verify this for n = 1 is easy, hence we prove that if the equality 
is true for some positive integer n, then it holds for n+ 1, too. We have 


n+1 n 
(ite = >= (-1)* 1k? + (—1)"(n + 1)? 
k=1 k=l 
ain i ) 4+ (-1)"(n +1) 
= (-1)"(n+1) (-F+n+1) 
n(n+1)(n4+ 2) 
(—1) ; ; 


as desired. Can you telescope this sum? 
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Example 5.3. Prove that 


> al-EFAP] 


k=1 


where |x| represents the integer part of the real number x. 


Solution. For n = 1 both sides are equal to 0. If the equality is true for n, 
then it is true for 7+ 1, too, since 


n+1 n 
k k n+1 n||nt+l n+1 
elel- Eb + a |= Gl A] 
k=1 k=1 
n+1 n nm+1}]j[n+2 
= (710+ 1D = [SF] AR 
We used, for the last equality, the property |z| +p = |x+ pl, for any real 


number x, and for any integer p. 
Did you see the telescope? Basically we have 


7m n 
k k| |k+1 k-1/|k nj |nt+1 
> [e}= 2 (La] a] [| le]) =) A} 
k=1 k=1 
We invite you to prove in a similar manner that 


1 alee hae as ai 


k=1 


for any positive integer n. 


Example 5.4. Prove that for a prime number p, and any integers 
L1,22,...,%n, we have 


(ty +atgt+---+apy)?=apt+apt+---+2% (mod p). 


Solution. First we have 


p—1 

(ti, tao” =a t+ap+ ) (7 af iah = =a> +25 (mod p), 
J 
j=l 
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because every binomial coefficient (7) with 1 < 7 < p—1 is divisible by p. 


Indeed, 
(") Br 6 esd 0 eae el 9, 
7 jl 
and we see that the factor p from the numerator cannot be cancelled, whence 
the conclusion follows. Thus we have our result proved for n = 2 (while for 
n = 1 it is obvious — no proof needed). Assuming it to be true for n arbitrary 
integers, we prove it for n + 1 integers: 


+ 
Sat+ah+---+2h+2%4, (mod p) 


by using successively the cases of two and n numbers. 
Some remarks can be made about this (not very complicated, although use- 
ful) result. First, the same type of induction is often used in mathematics. 
For instance, one can prove by the same approach the generalized triangle 
inequality 

Za + za t-+++2n| < |z1] + [zo] +---+ lenl, 


for complex numbers 2}, 22,..., 2n (after proving that it holds for n = 2). Or, 
you can show that the determinant of the product of a number of matrices 
equals the product of the determinants of those matrices (once you proved that 
this true for two matrices). Or, somehow similarly, the reader can generalize 
the first congruence to 


(x + y)?” =P’ 4 yp" (mod p), 


for integers x and y, and positive integer 7, and so on. 

Second, note that Fermat’s “little” theorem (stating that n? —7n is divisible by 
p for prime p and integer n) follows immediately from this result. It is enough 
to consider the above congruence for 41 = 72 = --- = Yn = 1, and we get 


nP =n (mod p), 


for each positive integer n. The same congruence is actually true for any integer 
n (think how) and is very useful in number theory. Also, if n and p are 
relatively prime (or, equivalently, if p does not divide n) we have 


nP-'=1 (mod p). 
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Example 5.5. For a positive integer n > 2 prove that any positive integer m 
with 1 <m<n?,m42 andm¥¢ n2—2 can be expressed as the sum of some 
different numbers from the set {1,3,...,2n—1} (consisting of the first n odd 
positive integers). Also prove that n? — 2 does not have this property. 


Solution. We use induction; for n = 2 both results are obvious: we have 
1=1,3=3,4=1+483 and 2 cannot be written as the sum of some different 
numbers from the set {1,3}. Also, for n = 3 we have 1=1,3=3,4=3+1, 
5=5,6=5+1,8=54+3,9=5+4+3+1, while 2 and 7 = 3% — 2 cannot be 
expressed in the required manner. 

Now, the checking being made for n = 2 and n = 3, we assume that n > 4 
and that any number from 1 to (n — 1)”, except 2 and (n — 1)? — 2 can be 
expressed as a sum of some distinct numbers from the set {1,3,...,2n — 3}. 
Consider any 1 < m<n?,m42,m4n?—-2. 

First, if m < 2n — 1 we have either the representation m = m (when m is 
odd), or m = (m— 1) +1 (if m is even but not 2). Notice that we assumed 
n > 4, which ensures n? — 2 > 2n—1. 

In the second case, suppose that 2n < m <n? and m 4 n? — 2. We then have 
1 < m-— (2n—1) < (n—1)? and m— (2n—1) # (n— 1)? — 2. If, further, 
m #2n+1 we also have m — (2n — 1) #2 and all the conditions are fulfilled 
to apply the inductive hypothesis in order to infer that m — (2n — 1) is the 
sum of a few different odd numbers from 1 to 2n — 3. Then, of course, m will 
be the sum of these numbers and 2n — 1. Finally, for m = 2n+ 1 we have 
2n+1= (2n—3)+1+43; again by the assumption n > 8 this is a good 
expression of n, because 2n — 3 > 3. 

The second statement is obvious. If a subset of {1,3,...,2n—1} has sum n?—2, 
then the complementary subset would have sum 2, which clearly cannot occur. 
This is problem 1786 from Mathematics Magazine. The interested reader can 
find a slightly different solution by David Nacin in the same Magazine from 
February 2008. 


Example 5.6. For positive integers k and n and complex numbers 
Q1,02,...,Qn we define 


k 
DO Giyiia, Agik). = Ss (2p)r- (x: ) 
} 


OASC{I,....n zES 
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n—1 
k 
=S(-19 SY) (a, +---+44,_,)*. 
j=0 1<t1<++<inj <n 


Then we have 


0, k<n 
niajag:::AQn, kK=n. 


S(@1,...,@n;k) = 
Solution. For n = 1 this is clear, for nm = 2 and k = 1 the identity is 
(ay ae az) — (ay ++ a2) = 0); 
while for n = 2 and k = 2 it says that 


(ay + ay)? — (a? + a) = 2a). 


We assume the result to be true for n numbers and we prove it for n+ 1 


numbers. 
We have 


k 
S( Gis Gnas k) = S- Gaara (x: a) 


O@ASC{1,....n+1} 1ES 


= >» (be (Sa) 


O@ASC{1,...,n} 1ES 
k 
+ epee (>: ‘ +t 
StL} 1ES 


by splitting the sum into two sums, the first corresponding to subsets of 
{1,...,2 +1} that do not contain n+ 1, and the second sum having terms 
that correspond to subsets of the form SU {n+ 1} with S C {1,...,n} (thus 
to subsets that contain 7 +1). In the second sum there is one term corre- 
sponding to the empty set (which we isolate), and for every other term we use 
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the binomial formula; then we change the order of summation. Thus we get 


k 
SG: SY) Ger (yo 


O@ASC{1,...,n} 1ES 
KRY j 
>; * casi (Hata + (1a, 
04SC{I,....n} j=0 iS 
k 
— Ss” Ape (x: a) 
OASC{1,...,.n} 1ES 
RN j 
+o({ Jaks » (-1)""| (y= + (—1)"af 41. 
j=0 Jj O#ASC{I1,...,n} ieS 


Now we note that the first sum and the terms corresponding to j = k in the 
second sum cancel each other; also the terms corresponding to 7 = 0 in the 
second sum and the isolated term (—1)"a* 4, together form the expression 


ke Surah D(-1"(") <9, 
r=0 


SC{1,...,.n} 


hence we only remain with 


k—1 j 
S(a1, sang Gnas k) = 4 a Ss Cae (x: «) 


0¢SC{L,....n} 
ps 
k ae 
— (7) ak 4 S(a1,..- 40053). 


Ifk <n-+1, then every term in this sum has 7 < n and hence vanishes by 
the inductive hypothesis. Thus we get a sum of 0. If k = n+ 1, then the only 
non-zero term is the 7 = n term, which equals 


n+1 
( a ) angantay 6 (n+ 1)!a, "** An4+1, 


as desired. 
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Example 5.7. Let ag = a, = 1 and 
2 2 
a a 
Ong) =14+—+4+---+—4 
ao 


Gn—1 
forn>1. Find ay, in closed form. 


Solution. We see, by using the recurrence relation, that ag = 2, ag = 6, and 
a4 = 24. Therefore we have good reasons to guess that a, = n! for all positive 
integers n, and we prove this statement by inducting on n. We are left with 
proving that, if a, = k! for every k < n, then ani, = (n+ 1)!, too. Note that 
the recurrence relation also gives us 


2 2 
a an 
Oy =14+—44--44=, 
ao An—2 
consequently 
2 
n 
An+1 = An + ) 
an—1 


for every n > 1. By the assumption we made we have 


(n!)? n! 


and our claim is proved: we have a, = n! for every natural number n. 


Example 5.8. Let x1 = —2, x2 = —1 and 


Eno = Vn(e2 +1) + 2ry-1 
forn> 2. Find 271 +2%2+---+ZXa09. 


Solution. One sees that x3 = 0 and z4 = 1, thus one may guess that zr, = 
n—3 holds for all positive integers n. We prove this by inducting on n; assuming 
that the result x, = k — 3 is true for all k < n (in particular z, = n — 3 and 
In—1 = n — 4), we will have, by the given recurrence formula, 


Inti = /n((n — 3)? +1) + 2(n — 4) 


= \/n3 — 6n?2 +12n—8 


=n—2=(n+4+1)-8, 
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completing the proof. 
In this situation x1 +22g+---+Za999 = 2009 - 1002 = 2013018 follows quickly, 
doesn’t it? 


Example 5.9. Find the positive real numbers 21, %2,... that satisfy 
ee taost---ta3 = (91. +a04+--++ an)" 
for any positive integer n. 


Solution. We have x? = x? (for n = 1) and x; > 0 yielding x; = 1. Then, for 


n = 2, we get 
1+a3 = (14 29)? © 23 — 23 — 249 =0 & 22(xq + 1)(xq — 2) = 0, 
hence (being positive) x2 = 2. These results, and the well-known identity 
13423 4.---4n?=(14+24+---+n)? 


are good reasons to believe that x, = k for all positive integers k. Supposing 
that this is true for every k € {1,2,...,n} we will have (by hypothesis) 


194+ 2° 4---tnP 4+ a8.) = (1424+: +04 Gn41)? 
n(n +1)\°* n(in+ 1 : 
=> eae) +2344 = OT ole 
2 2 
© 034, — 924, —n(nt l)tn41 = 0 
& In41(Ln41 + N)(Ln41 — (n+ 1)) =0, 


therefore %n41 = n+ 1 follows, finishing the inductive proof. 


Example 5.10. Let aj,a2,...,an be distinct positive integers. Prove that 
2n+1 
af +az+---+a2> (a1 +42 4++++ + Gn), 


Solution. The statement is clearly true for n = 1 (it becomes a? > a), so let 
us assume it holds for any n distinct positive integers, and prove it for n+ 1. 
Thus, we want to show that 


2n+3 


ai tast+:::+a%+02,,> (a1 +42 +--+ +n +Gn41) 
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is true for any n+ 1 distinct positive integers a1,a2,...,@n4+1. Due to the 
symmetry we can assume that a1 < ag <--: < Gn < Qn41. 
We have, by the induction hypothesis, that 


2n+1 
ay + ag +-+-+ a, = —z—(a1 + a2 +--+ + an), 
If we could prove that 
2 2n+3 
7 ne 3 (a1 tag +++ + dn) + —S—an41, 


adding these inequalities would yield the desired conclusion. 
Thus, it remains to show that 


9 2 2n 
re g (ai + a2 tes + an) + 5 An-+1, 


for any positive integers a, < a2 <--: < Qn < Gn41. 
Because they are integers, the above inequalities actually say that 


An+1 2 An +1, Anti 2 An-1 + 2, 


and so on, until an41 > a, +n. Consequently, 


2 2n+3 
g (a1 + a2 +--+ + Gn) + —Z—an41 
2 2n+3 
S glanti — M+ Qngi —(M— UW +--+ + Ong — 1) + 3 An+1 


2 nin+1 2n+3 
= 3 (man = a 7 3 An+1- 


And now we have 


2 nn+1 2n+3 
3 (nants = ae) a 3 An+1 S Ge 


because it is equivalent to 


(anti — (+1) (anti — 5) 20, 
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which is true, since dn41 > a1 +n > n+ 1. Our proof is done. 
Try to prove that 


ai+ast+---+az> 
for any distinct positive integers a1, a2,..., Qn. 
Example 5.11. Prove that the inequality 
ge’ —na+n—-1>0 
holds for any positive real number x and any positive integer n > 1. 
Solution. We show that 
(1+ a1)(1+a2)---(l+an) >1t+ajy+ag+---+an 


for any real numbers aj, da2,...,@n all greater than —1 and all having the same 
sign (possibly, some of them are 0). 
The base case n = 1 is obvious. If we have 


(1+a,)(1+a2)---(l+an)>1+a,+ag+---+ay 
we can multiply in both sides by 1+ an41 and get 
(1+ a1)(1+ a2)---(14an,)(1 + Qn4i1) > (1+ a1 + ag +--+ +@n)(1 + Qn41) 
=1+a,+aqt+ +++ +n + Gn41 + Gn41(@1 + a2 +°-++an). 
Since all numbers aj, da2,...,@n41 have the same sign, we have 
An41(a1 +a2+-+:++an) >0 


and the conclusion follows for n + 1 numbers. 
Now let x > 0 and consider aj = ag = --- = Gn = x — 1 which satisfy the 
conditions for the above inequality. And the inequality reads 


(1+a¢-1)">14+n(e#-1)e2"-nr+n-12>0, 
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exactly as we wanted to prove. 
This is one of the many instances of Bernoulli’s inequality. It can also be 
obtained by using the AM-GM inequality in the form 


ee titi it+---+1>n f/a™-1-1-...-Ll=ne. 
n—1 times n—1 times 


Thus we see that the equality case holds if and only if x = 1. 
It also holds in the form 
x —rx+r—-1>0 


for positive x and r > 1 (not necessarily an integer). If we take 


1 1 
me as and x =1-+— 
n+1 


r 


we get one interesting application of Bernoulli’s inequality (in this more general 
form), namely we get 


n+1 


1 =o 1 1 1 
(1+ ies +5 )+% LAs 
n+l n n 


n+1 
@ (1+) > 1456 (145) > (145) . 
n+l n n+1 n 


That is, Bernoulli’s inequality implies the monotonicity of the sequence with 


general term 
1 mT 
€ r =| 
n 


which defines the number e (as being its limit). 


Example 5.12. Prove that 


n—l 
1—rcost—r”cosnt + r”t! cos(n — 1)t 
An = S| r* cos kt = 1—reost —r" cosnt +r" cos(n — 1)t 
1 — 2rcost+ r? 
k=0 
and 
rsint —r™sinnt+r"t! sin(n — 1)t 


n—1 
By = r* sin kt = 
- ea 1 — 2rcost + r2 
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for any real numbers r and t with 1—2rcost+r? 40 and any positive integer 
n. 


Solution. We already have shown that these equalities hold by using de 
Moivre’s formula. Now we prove by induction the formula for A, and leave 
B,, to the careful reader. 

For n = 1 we have to see that 


1—rcost—rcost+r? 
Aj a 
1 — 2rcost +r? 


) 


which is clearly true. Then we have (supposing that the formula for A, holds) 


1—rcost —r”cosnt + r™*! cos(n — 1)t 


r” cos nt 
1 —2rcost+ r? = 


Anti = An +r” cosnt = 


"+1 cos(n — 1)t + r” cos nt — 2r"** cost cosnt + r”*? cos nt 


1—2rcost+ r? 


_ 1l-—rcost—r”cosnt+r 


— 1l=rcost —r"*! cos(n + 1)t + r"t? cos nt 
7 1 —2rcost+ r? 


) 


because 
r”*! cos(n — 1)t — 2r"*" cost cos nt 


mn ia 


cost cos nt + sintsin nt — 2costcosnt) = —r”*! cos(n + 1)t. 


Thus the formula for Aj; holds and we are done. 


Example 5.13. For each positive integer n and each real number x prove the 
following inequality 


n 
| cos z| + | cos 2z| + | cos 4z| +---+|cos2”°x| > —H. 


2/2 


Solution. First we observe that the inequality 


1 
a ar 
al + 20? — 1] > = 


holds for any real number a. 
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Indeed, this clearly holds for |a| > 1/+/2, while for |a| < 1/./2 it can be written 
in the form ; 
ja} + 1— 2a? > —. 


J2 


For example, when a € 10, 1/ V2] we have to prove that 


1 
a) =1+a-2a* > —. 
f(a) Fi 
But f is a quadratic function with maximum attained at a = 1/4 € 10, 1/ V2] 
(the maximum is 9/8, but this is not important in this matter). Therefore, 
the minimum value of the function in the interval 10, 1/ V2] is 


; 1 1 
wn (ror(3)) = 
1 
V2 
follows for a € (0, 1/ V2] , too. The reader will surely be able to prove the 
inequality in the case a € |—1 /V2, 0] by a similar reasoning (or just by noting 
the parity of the function a+ |a| + |2a? — 1|). In particular, we have 


1 
cos t| + | cos 2t| = | cost| + |2cos*t —1 > — 
| cost] + | | = | cost] + | | Fa 
for every real t, implying that P(1) is true (it is weaker than the above in- 
equality), if we denote by P(n) the statement of the problem. 
For P(2) we have 


Thus 
ja] + |2a7 — 1] = f(a) > 


| cos z| + | cos 2x] + | cos 4z| > | cos z| + | cos 22] > —= = ——, 


according to the same inequality proved above. 
And now we show that P(n — 2) implies P(n). Indeed 


n—2 


Tm 
cos 2" x cos 2” x] + |cos 2”! z| + | cos 2" x ae — 
| 0s24s| = $0 Jeos22| + cos a"-Is| + |ens2"2| > TF + T= og 
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and the inductive proof is done. Note that the following proof is also available 
(also based on |cost| + | cos 2t| > 1/./2). Adding the inequalities 


1 
|cos 2*~1z| + |cos2*x| > —-, k=1,2,...,n 


V2 


(together with |cosz| > |cosz| and | cos2"z| > |cos2”z]) yields 


n 
25 — | cos 2*z| See | cos z| + | cos 2”z| 
f=0 v2 


and since the sum of absolute values from the right side is nonnegative, we 
obtain the desired inequality 


mr 
n 
2S |cos2"a| > —. 


It is a matter of taste if we choose the proof that uses induction, or the one 
that avoids it. The most interesting fact about the two proofs above is that 
there is one simpler than each of them. We are sure that, carefully analyzing 
the cases n = 1 and n = 2, the reader will be able to find it. The lesson to 
be learned here is that a proposition depending on a positive integer variable 
need not be proven by induction. 


Example 5.14. Prove that Jackson’s inequality: 


sin 27 sin nx 
free = > 0 


sinxz + 


holds for any x € (0,7). 


Solution. Let 
sin 27 sin nz 
free . 


one) = sine 
For n = 1 we clearly have 


Si(z) =sinz > 0 
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for all x € (0,7). Assume that S,(xz) > 0 for every x € (0,7) and let us prove 
that the same is true for S,43(xz). The derivative of S,,41 as a function of z is 


1 2 
sin Cet Le 4, (nt 2a 


S41 (2) =cosxz+cos2x%+---+cos(n+ 1l)xz = 2 2 
sin — 
2 
and has zeros (hence the critical points of S41) 
Bi 2k 
F n+1 
and 
y (2k+1)a 
Lp —E 
n+2 


for 0 < 2k <n+1 (since we want z), and 2} to be in the interval (0, 7)). The 
extremum points of S,;4,1 are among these points and the endpoints, and we 
have, by using the inductive hypothesis, 


1)! 
Sin41(2)) = S,,(x/,) + sin(n + 1)x, 


n+l 
and 
oe (n+1)(2k+1)0 
sin(n + 1)x7 n+2 
Sn41(2x) = Sn(xz) ae * a Sin(rz) lp ———= 
_ (2k+1)7 
" et ih +2 yy Sina, 
= Sin(x;) = re ae = Sn (x;,) a aa > 0 


because x, € (0,7). Also, the limits of S,41 at the endpoints 0 and 7 of the 
interval are both equal to 0, therefore the conclusion follows. We invite the 


reader to prove that 
mr 


ele as SO 

k=1 
for every x € (0,7) (not necessarily by induction, but rather as a consequence 
of the result that we have proved). 
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Example 5.15. Prove that 


»z(2)= 2d 
k\k) & &k 


k=1 


Solution. Let S, and T;, denote the left-hand sum and the right-hand side 
respectively. We have 


tote ENC )-O) oer EACY 


ae nt+1\_ 1 (moa —1 
ices Taal & n+l ntl nti’ 


In the previous calculation, we used the recurrence formula of the binomial 
coefficients, then the formula 


I n _ n! _ oi n+1 
k\k-1) kM(n+1-—k)! n+1\ k /’ 


and finally the sum of the binomial coefficients from the (n + 1)-st row of 
Pascal’s triangle. 
On the other hand, it is clear that 


2” —1 
(es 
n+1 n n+1 
Now we have 5S; = 7}, and if S, = 7;, we also get 
Hat = (Oye — S$. i) a S = (1; n+1 — Ly) +1, = n+1 


and the identity follows for all positive integers n. 


Example 5.16. (USA TST, 2000) Let n be a positive integer. Prove that 


n - n “= i n ntl 2,2) rei 
0 1 n — gntl \ 1 2 n+1/)° 
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Solution. The proof is by induction on n. Denote the left hand side by an, 
and the right hand side by b,. ‘The base case is clear and we only need to show 
that a, and b, satisfy the same recurrence. A recurrence for b,, is simple: 


n+1 
2n 


So we only need to prove that 


n+l 
2n 


Qn—1 +l. 


an = 


We have 


n+1/(n—-1\7* — (n+1)il(n—i-1)! 
2n 7 7 2(n!) 

To express the right hand side in terms of binomial coefficients of base n, we 
write n+ 1 as (+1) +(n-—1) and conclude that 


n+1 , as — (@+1) + (n—-4)il(n-i-1)! 
2n 1 2(n!) 


=5 ipo | | 


By summing these relations and using the fact that 


we get 


and we are done. 
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Chapter 6 


Combinatorial Identities and 
Generating Functions 


Combinatorial identities deal with binomial coefficients. The binomial coeffi- 
n 


cients (7) are defined by 
() = iin — if 0 < k < nN, and b = 0, otherwise, 


where n is a nonnegative integer, while k is an integer. Remember that 0! is 
defined to be 1. 
A very useful relation is the recurrence formula of the binomial coefficients: 


n+1\  (n ip n 

k+1)  \k k+1)’ 
which you can check applying the definition. The binomial coefficients can be 
found using the binomial theorem (Newton’s formula) 


(a+b)" = 3 @ ark ok, 


k=0 


Many useful formulas are easy consequences of the binomial theorem. 
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For example, the above formula with a = 6 = 1 yields 


¥(")=(n)+()+~+ (an 


a relation that is useful in many combinatorial identities. The binomial coeffi- 
cients appearing here are in the same (the (n+ 1)-st) row of Pascal’s triangle. 
We also have (the generalized Newton’s binomial formula) 


(1+2)* = 4 m (S)e+ Bo dire 3 ()2" 


where the binomial coefficient is defined for an arbitrary real number a as 


4 ala — Pana 


In the particular case a = n (a nonnegative integer) we recapture the binomial 
formula with a finite development: 


(l+2)" = (5) - (Tete (." a" ("on (ae | 


because (7) = 0 for k > n. The function (1+ 2)” is called the generating 
function of the sequence c, = (2). For every sequence (an)n>0 we can associate 
an infinite series 


F(x) = ao + aya + aga? +--+ anz"4+--- 


called the (ordinary) generating function of the sequence. As an example let 
us take the sequence a; = 1, then 


F(z) =1l+a+a°%4+---4+2"4---= 


Thus 
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is the generating function of the sequence a; = 1. Let us list some of the 
most important sequences and functions corresponding to them: The sequence 
ay, = 1/k corresponds to 


] 1 
Sie) SoBe ae ats 


from this result it immediately follows that 
CO 
(—1)""} (ee me 
‘i dW i 273 47 


The series corresponding to the sequence a, = 1/k! describes the universal 


constant e: 
y) 3 


gC £ & 
na 3 
For the Fibonnaci sequence (Fo = F, = 1 and F, = Fp_, + Fn_2 for n > 2) 
the generating function is 


e™~=1+ Ae i 


1 


and, of course, Newton’s formula says that the sequence a, = ({) corresponds 


° reer =S(2)e 


n=0 


Example 6.1. Evaluate 
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7 e a [(n+1)/2| . 
B=(i)+(3)+()+= 2 (wt) 


and 


we have 


therefore A = B = 2”~1. These are also fundamental identities satisfied by 
the binomial coefficients. 


Example 6.2. Prove that 


Solution 1. Because 


(t) = age a Pee a "(a 


16) ECE 


k=1 k=1 j=0 


we get 


according to the fundamental identity of the binomial coefficients. 
Solution 2. We start with the binomial formula in the form 


mr 
2 4 ot = (1+2)", 
k 
k=0 
valid for any real number zx. Differentiating with respect to x yields 


Soa(Me tanta 


k=1 
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which is a more general identity — it is enough to take x = 1 in order to obtain 
the result stated by the problem. 
Try to prove in a similar manner the identity 


(use k(k — 1) “ = n(n —1) & 7 4 or differentiate twice), then infer 


oH; ) =nin+1) gare 


for any positive integer n. Also prove that for n > 3 


S-te(") = S(-niR (") =0. 


Example 6.3. For nonnegative integers m and n show that 


sy-"(2) =-("7 7), 


Solution. The result is clear for m = 0. Assuming that it holds for some m, 
we will have 


Scart) 7 d-o"(f) = bas ) 


k=0 
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as we needed to prove, according to the recurrence of the binomial coefficients. 
Note that the result from the right-hand side is 0 form > n> 1. Actually, for 
m >n-= 1 the identity is always the same, namely 


Dt-0(7) = 0, 


which by the binomial theorem basically says (1 — 1)” = 0. Also observe that 
a direct proof (by telescoping) can be obtained if we replace each (7) with 
( a (=), by the same recurrence relation for the binomial coefficients. 


Example 6.4. For positive integers m and n with m <n prove that 


k=m 
Solution. We have 


(m) Ck) = sae He 


n! (n—m)! 
mi(n—m)! (n—k)(k—m)! 


(mn) (aa) 
X Cm) Ct) = Om) (02) = (a) & C5") =") 


k=m k=m 7=0 


We changed the index of summation with the substitution 7 = n — k, when k 
runs from m to n we see that 7 runs from n — m to 0. 


Example 6.5. Evaluate 
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Solution. We have So = 1, 5S; = 2, So = 4 and S3 = 8, therefore we have 
reasons to believe that S, = 2” for every nonnegative integer n. We can prove 
this by finding a recurrence relation for S,. Note that 


n+1i+k n+k nt+k 
— > 
( : (" )+ (224) wore et 


ne 1+0 0 
ws ee ) for k=0. 
onus a +1 
n n 
1f(n-+k 1/(n+k 
Seti = Do 5e( k Jeo tT 
k=0 k=1 
oe n+k fe 1 2n+1 ye n+k 7 1 2n + 2 
— 2 Ok\ antl \ n+1 2*\k-1 art2\ n+1/) 
k=0 k=1 
Since 


1 . + } 1 (2n + 2)(2n +1)! = : 


2\n+1) 2(n+1)ni(nt+D! \n41 
the two terms extracted from the sums above cancel, and we get 


mT 


1 (n+k 1 (n+k 
Sus = Dae ( k ome ead 


k=0 k=1 
n+2 
_ 1 1 (n+1)+(k-1) 
= 5.45 ser | j 
k=1 
fy) tie 
—n 9 n+1)5 


that is, Sn41 = 2S;,. Now an easy induction (based on this recurrence relation) 
shows that, indeed, 5, = 2” for all n > 0. 


Example 6.6. Prove that 
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Solution. Consider the function f(z) = (1+ 2)?". From the Binomial The- 
orem the coefficient of x” in f(x) is equal to (*”). On the other hand, we 
have 


(l+a)*" =(14+2)"(14+ 2)" 


=(() + Get Ge) (0) + Get Ge): 


If we perform standard multiplication, the coefficient of x” will be equal to 


Co) (n) + G) (na) ++ (2) (0): 


Example 6.7. Evaluate 


(o) + Ga) (a) + 


Solution. Let us denote by A the sum from the problem statement, and let 


us consider also 
n n n 
n n n 
am () ° () 4 _ 


and 
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Then for n > 1 we clearly have (by the binomial expansion) 
“(n 
A+B+0+D=)>( ) = (14+1)" = 2”, 
rar 


A-B+0-D=S\(-1*(2) = (1-—1)"=0, 
k=0 
A+iB-C-iD=)" (7 )#=(49", 
k=0 


and 
nr 
A-iB-—C+iD= Ss” (a = (1 —7)”. 
k=0 
The system of four linear equations with unknowns A, B, C’, and D can be eas- 


ily solved (by adding and subtracting the first two and the last two equations, 
etc.), yielding 


1 n 
A= . Cie + 22 cos — | 


One can also get 


B= Ce + 22 sin =) .. C= (2""7 — 22 cos =) 


bh | 
ho | 


and ; 
D=; Cie =o ein | | 


Note that these formulae do not work for n = 0, because in that case A— B+ 
C' — D equals 1, not 0. 


Example 6.8. Evaluate the sum 
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Solution. From the binomial theorem, this is equivalent to finding the sum 
of the coefficients of f(x) = (1+ x)” for the powers of x whose exponents are 
divisible by 3. Let 


W = cos al +4sin mil 
— — 1 —— 
3 3 


a third root of unity. Then we have the following identity 


peter. et’ ={ 0 otherwise 


The proof is simple, and amounts to taking cases on the value of k modulo 3. 
If k =0 (mod 3), then w* = w2* = 1, and the above sum equals 3. 

If k = 1 (mod 3), then from w* = 1 we have w* = w and w?* = w”. 

The sum equals 


l+wt+u? = 
W) 


The case k = 2 (mod 38) is analogous. 


f(1) + fw) + fw?) 


the binomial theorem, it follows that 


Now, consider the quantity . By the above identity and 


a = _ f(1) + fw) + fw”) 
3k 3 
(1+1)"+(1+w)"+(1+07)” 
3 
28 Fw)" + (a)? 
ae an 


where we have used the identity 1+w+w* = 0 for the last equality. We invite 
the reader to check that the final result is 


=e a nm 
> (gu) 3 2" + 200875). 


k=0 


by evaluating the powers of —w and —w?* with de Moivre’s formula. 
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Example 6.9. Find in closed form 


S, = S(-ve(n — k(n + k)!. 


k=0 


oe 7 jn 7 (on . 


our sum is easily transformed into a sum involving (reciprocals of) binomial 
coefficients (in two forms): 


Solution 1. Because 


k=0 = 
n—k n+k 
Thus 
Sn ow] (-DR | (iF ]_ 1 nS (=1) 
Gn)! 7 In \' 7 on ~ Tan\ 7 (-}) : 2n 
k=0 j=0 
n—k n+k n q 
Now the formula 
1 2n+1 1 1 


Fe ~ In+2 ene") » ere 

w] j Jad 

can be easily checked by using standard computations (and we invite the reader 
to do that). So 
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on +1 3 (—1)3 (—1)s+1 
2n +2 = (*" + 7 ie + ; 
j j+1 


am+if (-1)2 (14 


ImM+21 (2n+1\ (/2n4+1 
@) 2n+1 


— 2n+1 
— omt1? 
leading to 
1 2n+1 
ee ee 
Ol a nae 
n 
Finally we get 
1 (2n +1)! 
= 1\2 es Ry Se 
BR 9) EE oe ea) 


It hardly seemed in the beginning that we would get a telescope for this sum, 
did it? 

Solution 2. This is more involved, but showcases a useful trick. As in the 
first solution, we have 


G=7eS 
k=0 
(0s) 
Now, the reciprocal of a binomial coefficient can be expressed by an integral 
with the following formula: 


ee (m +1) A a (1—2)™ dz, 
GH) 
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and consequently we have 


Sn a = 4k aoe _ p\rtkae 
Tce yt fata aya 


(2n 
_ an +1) fama -2" (2) as, 


where we arrived at the sum of a geometric progression: 


L 


n k a 21 n+1 n+1 
oe) ” 
2 grtl at (—1)"(1 _ ger 
= — oe 


We get further 


1 
a = (2n+ » | eras eels a dx 
2n+1 1 
~ On +2 wa a | 


1 
where, for / a*1(1 — «)"dx we also used the formula from the beginning, 
0 


with m = 2n+1 and j = n+1 (and we wrote (*"*") instead of (4"')). 


Finally, after multiplying by (2n)! and a few more calculations, we obtain our 


result 
n! 


2 
To prove the integral formula for the reciprocal of a binomial coefficient, notice 
that we have (integrating by parts) 


Sn = —(n! + (-1)"(n4+ 2)---(Q2n4+1)). 
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1 “fd ence fe 
= oH — a)" ay eat / witty — 2)"-I-Nde, 
q4+1 0 g+1 0 
thus 44 
j 
a a 


The desired formula follows by iterating this relation, until we arrive at 


which is easy to check. 


Example 6.10. Prove that 


therefore 
¥(ZG) )-E(2,0)) 
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Finally, our sum is 
oe tae i ee i 
ee 2 7 k-1 (k+1)k) — (k-1)(k4+1) 


» 

k=2 

= 2 = y) 
-L wrnairy tL Girne 

s 


4=0 
1 1 = 1 
= ak ae ae +50 — = 
21 2i+1)4+1 L\ 2% 2 +1) 
ig ke 
~1'°Q 2 


We can also evaluate the final sum directly as a telescope with step 2: 


ore . n ) n 1 1 
yD ESD sai = tim, eye ds (Ea -es) 


ra k=2 k=2 
1 1 1 1 38 
= | 1+---- i Se 
tim (14 5 n Hi) > 99 
Example 6.11. Evaluate 
ae ge 


m=0 n=0 


Solution. Observe the following fact 


oy = (Se SP) (ye Se). 


m=0 n=0 m=0 n=0 
Using the infinite series for e”, x = —1, we get 
= ae tale viel 
a ea ae ec Sines 
? 1! 7 2! : n cee sy n! 
n=0 
Thus 
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Example 6.12. Prove that 


: nln 12). (n? = (k— 1)? 
Su= Dna tk = “ea 
ty tit:+t,=n 


where the sum is over all possible k-tuples (11,72,...,%,%) of nonnegative inte- 
gers that sum to n. 


Solution. A moment of thinking shows that we have the equality of formal 


series 
CO (© @) k 
S- one = Ss" ma”). 
n=0 


m=0 


CO 
1 
Now, by differentiating S- a ; 
—2 


and then multiplying the result by x 


m=0 
we get 


= L 
m _ 
dy) mea ~ (l—2)?’ 


m=0 


hence 
k 


CO OO k 
n=0 (> (1 — 2) 


But S, is precisely the coefficient of x” in this development, which we can 
obtain with Newton’s binomial formula for the exponent —2k. Clearly, S, = 0 
for n <k—1 (because, after using the formula we multiply by x”) — and the 
result is the expected one. For n > k this coefficient is 


(-ayr-*/ —2k ) = (n+k—1)(n+k-—2)---(2k 4+ 1)(2k) 


n—k (n—k)! 
—_ (n+k—-1)! 
— (2k —-1)'(n—k)! 
— (nt+k—-1)(n+k—-2):--(n-—k+2)(n-—k+4+1) 


(2k — 1)! 
_ n(n? = 12) +. (n? = (k= 1)?) 
(2k — 1)! 
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and the formula for S,, is completely proved. 


Example 6.13. Prove that 


> (—y)irtiattin—1 i + Jaf + dna Utd 
fa hag Wet eig ck ’ 
jr t2jot-+njn=n J1*J2+°°* In: n 
where the sum is over all the n-tuples (j1,j2,---,Jn) of nonnegative integers 


for which jy + 2jg2 +-+-+7jn = 7. 
Solution. The two main ingredients of the proof are the multinomial formula, 


fitjatetinem JERE dn 


(which for n = 2 gives the binomial theorem), and the logarithmic expansion 


In a In(1 ae ee “ei 
l-x 7 2 3 - 


But we can also calculate the logarithm like this: 


1 
In-— =In(l+e2+a°+---) 


Because we are interested in the coefficient of x” (which, in the first form of 
the development is 1/n) we can give up the powers of x with exponent greater 
than n. Thus, the coefficient of x” is the same as in 


Ae ae) 


(c+ a7 +---+2") 5 


Lyn (eet +e tan)" 
3 n 
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By the multinomial theorem we have 


(epete tore Git Jato + dn)! ji42j0+--4njn 
ae eee ee 

Jitjeat:+jn=p J1J2: Jn: 

hence the coefficient of x” in this formal series will be 


(—1)Ji tet tino] (j1 ee) seen jn)! 1 
igol... 71 ) ] asia ) 
Jit2jot--+njn=n eS Se pea Ls 
= S- (—1)31 F224 +In—4 irons ja 1)! 


Malaol..- 7! 
Jit2jot-+njn=n J1+J2: Jn: 


Since first we found this coefficient to be 1/n, the desired equality follows and 
our proof is done. 

We close this chapter with the classical (and very beautiful) theorem of Lucas 
which evaluates the binomial coefficients modulo a prime. 


Example 6.14. Let p be a prime, let n and k be positive integers (n > k), 
and letn=n+tnipt---+tngsp* andk=ko+kip+---+ksp* be the base p 
representations of n and k. Here n; and k; are base p digits, that 1s, they are 
all from the set {0,1,...,p —1}. We then have 


() = (i) (i) -(E) oat 


Solution. In the proof we will work in the ring Z, of integers modulo p (and, 
more precisely, we will work in the ring Z,|X] of polynomials with coefficients 
in Zp). The elements of Zp are equivalence classes of integers, but we will not 
use specific notations for the equivalence classes. Instead equivalence classes 
will just be denoted by numbers. Since we are working in Zpy, we will have 
equalities rather than with congruences. Thus, for example, the congruence 


(x+y)? =2?+y? (mod p) 
(proved in the chapter Mathematical Induction) will be written 


(r+ yaa ty’, 
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because now zx and y actually denote the classes of equivalence of x and y 
modulo p. In fact this is the starting point of the proof. It is clear that 


Lag) fog? 


holds for f,g € Zp|X], too (the proof is the same); moreover, we have 
aa ae 


for any positive integer 7 (we leave the proof by an easy induction to the 
careful reader). Thus, in Z,|X] we have 


(1+ X)P = (1+ X)P((L+ XY (+ XY 
= (1 ty NFO + XP\" ae (1 + XP°)"s 
i SV > (1) xae |... | So (2) xse0° 
= (2 a)" } (25 Ge} (eG 


Now the coefficient of X* in (1+ X)" is, of course, (7). The expansion of the 
final product from above contains all terms of the form 


) i sons Ee ere aee, 
JO Jj1 Js 


with 0 < 7; < n; for O <i < _s. Since the base p representation of a natural 
number is unique, X* only appears in this expansion when j; = k; for every 
0<i<-s, therefore it has the coefficient 


ln ee) 


By equating the two coefficients of X*, we obtain that (in Zp) 


n\  (no\ (m1 Ns 

k})  \ko/ \ky Key” 
which, if we consider numbers instead of residue classes, is precisely the con- 
gruence stated by Lucas’s theorem. 


Note that, as an immediate consequence of Lucas’s theorem we have the fact 
that (7) is divisible by p if and only if there exists 0 <i < s such that nj < kj. 
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Chapter 7 


Sums and Products in 
Number Theory 


There are a lot of problems related to sums and products in Number The- 
ory. An area which we would like you to cover is based on three well-known 
functions that on positive integers n have relatively short formulas in terms of 
their prime factorization 
1 = py py? ++ - Dn”. 
These are 
e 7(n) — the number of positive divisors of n. 
We can write this as T(n) = Ss 1 or in terms of the prime factorization we 
d|n 
have 


T(n) = (ay +1)(a@2 +1)--- (Qn +1). 


e o(n) — the sum of the positive divisors of n. 
We can rewrite this as a(n) = > d or in terms of the prime factorization we 
d|n 
have 
ay+l __ 1 
it Sarr Te 


a2+tl 4 AQn+tl _ 47 
o(n) =" jee ee en 


pil p2—1 Pn —1 
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e ¢(n) — the Euler’s totient function, the number of all positive integers less 
than or equal to n that are relatively prime to n. (The “equal” case obviously 
only matters for n = 1.) In terms of the prime factorization of n we have 


#(n) =n (1-—) (oy ae ee 


and we also have Ss o(d) =n. 

d\n 
The last fact is not so obvious and we would like to prove it. We consider the 
rational numbers 


ea 
Clearly, there are n numbers in the list. On the other hand we can obtain 
a new list by reducing each number in the above list to the lowest terms; 
that is express each fraction as a quotient of relatively prime integers. The 
denominators of the numbers in the new list will all be the divisors of n. If 
d|n, exactly ¢(d) of the numbers in the list will have d as their denominator 
(this is the meaning of lowest terms!). Hence, there are S o(d) terms in the 
d\n 

new list. Because the two lists have the same number of ae we obtain the 
desired result. We continue with a few easy problems. 


Example 7.1. Let r(n) be the number of positive divisors of n. Prove that 


T(n) 
[[¢=n a 


d|n 


Solution. Due to the fact that, when d runs through all (positive) divisors of 
n, n/d also runs through the set of all (positive) divisors of n, we have 


T(n) 
He=113= 5. 
din dn [4 
d|n 
therefore : 


I] dy =n™™, 


d|n 
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and the conclusion follows. 


Note that, ifn = p{"---p;* is the prime factorization of n, then any divisor 


of n has the form ph = per, with 6; € {0,1,...,a;} for every 1 <i<k. This 
immediately yields the formula (that we already presented) 


T(n) = (a, + 1)--- (ag +1), 
and shows that the equality stated by the problem can also be read as 


(a4 +1)---(a,+1) 
| Pi Be (C1 Ak 
Di “+ Dy = (pi -- + pp) 2 
0<f1 <a1,...,0<B, <a, 


(the product from the left-hand side is over all possible choices of (41, ..., 8%) € 
{0,1,...,a1} x--- x {0,1,...,a,%}). Try to prove it in this form, too! (You 
have to prove that the exponents of each p; in both sides are equal; the problem 
becomes a — not very complicated — counting problem if we put it this way.) 


Example 7.2. For positive integers m and n prove that 
[[¢=|[¢ 
d|m d\n 
implies m = Nn. 
Solution. By the previous example, we are given that 
mim) = nT 


which immediately yields that m and n have precisely the same prime factors 
in their factorizations. So, let p1,...,px be these factors, and let 


ak 


M = pi) +++ Dy and n= pet... pp, 


By comparing the exponents in the above equality we get 


Qj 7 ag T(r) | (bp +1)--- (Oe +1) 


be T(m) (a +1) ++ (ae +1) 
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From these equalities we see that we cannot have a, > 6; because the equality 
of ratios would imply a; > 6; for alll <7<k. But then 


(ay + 1)--- (ax, +1) > (6, +1)--- (bp +1) 
and we would get 


he ee 
b1 be t(m) (a1 +:1)---(ae+1) >” 


which is clearly impossible. Similarly, aj < 6, leads to contradiction, so it 
follows that a, = b,, which implies a; = 6; for all 7, and, consequently, m = n. 


Example 7.3. Find the sum of all positive integers less than n and relatively 
prime to n. 


Solution. If n > 2, then the sum is nd(n)/2, with ¢(n) representing the 
number of the positive integers less than n and relatively prime to n. The key 
observation is that if k < n and k is relatively prime to n, then n — k is also 
less than n and relatively prime to n. Consequently, 


k= > (n-k) 


1<k<n,(k,n)=1 1<k<n,(k,n)=1 
=n Ss" 1— S- k = nd(n) — S- k 
1<k<n,(k,n)=1 1<k<n,(k,n)=1 1<k<n,(k,n)=1 
ng(n) 


= -. # 
1<k<n,(k,n)=1 


as we claimed. 


Example 7.4. Let n = py! ---p,* be the prime factorization of the positive 
integer n > 2, and let 0 < ay < +++ < Agin) < 1m be all the positive integers 
relatively prime to n that are less than n. Prove that 


1 
ay +03 + +++ + dgiqy) = ZO(n)(2n° + (—1)"p1 --- Pe). 
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Solution. Let A={1,2,...,n} and let A;={a € A | p; divides a}, 1<i<k. 
For a subset M of A we denote 


- oa. 


reEM 


Then 
S(A) = Se _ n(n + 1)(2n + 1) 7 


and 


say-etitann+ (Fn) =a (58) #5 (8) +8 (@)] 


Analogously, 


l1/n\° 1fn\*? 1f 7 
sanay~mifi (os) +4) ECs) vee 
\ i) = PP; E pipj) 2 \pipj/ 6 \ pip; ra 


and so on for S(A;1 A; Ax), etc. Using the inclusion-exclusion principle we 
get 


ai +a3 +--+ +05) = S(A) - s(U A; ) 
1 1 1 : 1 /n 1/n\? 1/n 
3 2 2 
= =n? +=n*+in- ey-(—}] +=(—] +2 (-— 
a eG 2? E (2) ite :(2)| 
1 n\*> 1 n \? n 
+ E00" |G) G5) Ge] 
1<i<j<k 3 \ DiDj 2 \ pip; 6 \ Dip; 


1 n : 
+(=1)*(p1 ++ pe)? E (—"_} + 
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Thus we can write a? + a2 +--++ O40) as an? + Bn? + yn, where 


k 
ese a pea ee (=1)" : , 
3 wm Pi Gy PP P1** Pk 
1 k 
a k 
B=; Le aay el gl 
1=1 Se) 
1 ((k k k .(k 
-1(0)-()+@)--+em@) 
k 
y==11-S opi t+ > pip; —-- + (-1)¥ p+ De 
t=1 1<J 
This means that 
re eee ees rece ee 
3 Pi P2 Pn 3 n 
1 
1 —1)* n 
y= E(L~ pi)(1— 2) (1 pe) = § 2 Pl pe 2, 


and combining all these gives us the desired result. 


Example 7.5. Prove Euler’s theorem, namely that a? —1 is divisible by n 
for every integer n such that a and n are relatively prime. 


Solution. Let 1 < 2] < --+ < gn) < n be the ¢(n) integers which are less 
than n and relatively prime to n. Since a is relatively prime to n, the numbers 
AL1,.-.,ALg(n) are also relatively prime to n. Further they represent distinct 
congruence classes modulo n since if ax; = ax; (mod n), then nla(xz;—2;) and 
since a is relatively prime to n, this forces n|x; — x; and hence x; = z;. Thus 
the numbers az1,...,@X%g(n) are modulo n some reordering of the numbers 
L1,---,XLg(m) and in particular 


(ari) +++ (Ayn) = az, .. ‘L¢(n) =21°**Lgin) (mod n). 
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Since the xz; are all relatively prime to n, we may cancel them off to get 
a?) =1 (mod n) or a? — 1 is divisible by n. 

In particular, for a prime p and an integer a which is not divisible by p (that 
is, a and p are relatively prime), we get that a?\P) — 1 = aP-1—1 is divisible by 
p. Consequently, a? —a = a(a?—! — 1) is divisible by p for every integer a — and 
we arrived again to Fermat’s little theorem (see also the chapter Mathematical 
Induction). 

Let us introduce a new function, called Mobius function. This function plays 
an important role in proving some deep results in Number Theory. We begin 
with the notions of arithmetic function and multiplicative function. 
Arithmetic functions are functions defined on the positive integers that are 
complex valued. The arithmetic function f 4 0 is called multiplicative if for 
any relatively prime positive integers m and n, 


f(mn) = f(m)f(n). 


Note that if f is multiplicative, then f(1) = 1. Indeed if a is a positive integer 
for which f(a) # 0, then f(a) = f(a-1) = f(a)f(1), and simplifying by f(a) 
yields f(1) = 1. Note also that if f is multiplicative and n = p{" ---p)* is the 
prime factorization of the positive integer n, then 


f(n) = f(pt")- +: Fp, ").- 


One reason why we discuss multiplicative functions is that T(n), a(n), o(n) 
are multiplicative functions. 
The fourth arithmetic function we present is the Mobius function defined by 


1 i =, 
p(n) =< 0 if p*|n for some prime p > 1, 
(—1)* if n=p,--:pp, where pi,po2,...,pz are distinct primes. 


For example, (2) = —1, (6) = 1, w(12) = w(2? - 3) =0. 


Theorem 1. The Mobius function is multiplicative. 

Proof. Let m,n be positive integers such that gcd(m,n) = 1. If p? | m 
for some p > 1, then p* | mn and so u(m) = u(mn) = 0 and we are done. 
Similarly if p* | n we are done. 
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Otherwise, m = p1---Pr, N = Gi-::Qp, Where pj,...Dz,91,-.-Qp are distinct 
primes. Then pu(m) = (—1)*, y(n) = (—1)", and mn = py - ++ peqi- ++ dh. 
It follows that 


p(ran) = (—1)F+* = (-1)*(-1)" = p(m)q(n). 


Another important property of the Mobius function is that the sum of its 
values over all divisors of a given positive integer can be easily evaluated. 


Example 7.6. We have 
l. an S1 
THe = 1, nod 
d|n 
Solution. This is clear for n = 1, when there is only one term in the sum 


(namely y(1)). For n > 1, if pi,..., px are all the distinct prime factors of n, 
we realize after a moment of thinking, that 


Youd) =H)+ S5 wlpi)+ SY wlpips) +--+ + w(prpa- ++ pr) 


d\n 1<i<k 1<i<j<k 


“()-()*Q)---0)= 


by the definition of w (the divisors of n that are divisible by some square do 
not contribute to the sum). 
Or, we can consider the summation function defined by 


F(n) = >_ u(d) 
d|n 


and prove that it is multiplicative (see Theorem 2 below). Because 


F (p*) = wQ1) + pla) +--+ + (p*) = 1 -1=0 


for every prime number p and any positive integer a, we immediately get 
F(n) = 0 for n > 2, based on the multiplicative property of F. Of course, 
F(1) = 1 follows immediately. 

By using this result we can immediately solve the following exercise. 
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Example 7.7. For any real number x > 1 we have 
— x 
S— u(k) =| - 
k=1 


Solution. This is not actually an infinite sum, as all floors are 0 for k > a. 
We have 


Yu) |Z] = ue Yo 3 


k=1 1<k<x 1<j<ax/k 


> Yae- 


l<n<z k|n 


We changed the order of summation by putting together, for every 1 <n < a, 
all terms for which jk = n, then we used (as we showed in the previous 


example) 
~~ ek 
Dd Hk) “15 0, n>. 
k|n 


Not only for the Mobius function, but for any arithmetic function f we can 
consider its summation function F' defined by 


— S_ f(d). 


d|n 


One connection between f and F is given by the following result. 


Theorem 2. If f 1s multiplicative, then so is its summation function F. 
Proof. Let m and n be positive relatively prime integers and let d be a divisor 
of mn. Then d can be uniquely represented as d = kh, where k | m and h | n. 
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Because gcd(m,n) = 1, we have gcd(k,h) = 1, so f(kh) = f(k)f(h). Hence 


mn)= S° f(d)= Y— f(k)F(A) 


d|mn k|m,h|n 
=| > fe) ] | dF) 
k|m Aln 


and we are done. 
Note that if f is a multiplicative function and n = pf ---p;*, then 


k 


F(n) = F(pt") - F(p$?) --- F(p2) = | | (1+ f(ps) + fpf) +++ + Fp). 


i=l 


The last formula is pretty useful (although almost evident) and helps to solve 
many problems related to the Mobius function, for instance: 


Example 7.8. If f is a multiplicative function and n = pf! ---p,*, then 


S_ w(d) f(a) = (1 — f(p1))(1 — f(p2)) -+- (1 — F (pe). 


d|n 


Solution. Consider the function 


=) u(d) f(a) 


d|n 
which is multiplicative. Using the above result we get 
G(n) = G(py") --- G(p,*), 


where 


= >) w(@) f(a) = w(1)F(1) — wpa) f (pi) = 1 - f(@%), 


d|p;* 


and the conclusion follows. 
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Example 7.9. Let n = p{'--- py". Prove that 
S— u(d)o(d) = (—1)*pipe-+- pp. 
d|n 


Solution. Using the previous example, we get 


S/ u(d)f(d) = (1 — f(p1))(1 — F(p2)) +++ (1 — f(r). 


d|n 


Let us take f(n) = o(n) = Ss" d. Then this formula becomes 
d|n 


S— u(d) f(a) = (1- (91+ 1) — (2 +1))---— a + 1)) 
d|n 
= (-1)*pypo- ++ pr. 


We also have another beautiful result related to the Mobius function it is the 
Mobius inversion formula. 


Theorem 3. (Mobius inversion formula) Let f be a multiplicative function. 


Then 7 
f(n) = ular (4). 


d|n 
Proof. We have 


> HF (F) = Ou@) bs ro => bs a) 


d|n d|n cla dln \el@ 


ae (s no; =D) (s Ho) . 
d|® ql 


c|n c|n 


Since for n/c > 1 we have Ss” u(d) = 0. The only nonzero term in this last 
d|* 
sum is the c= n term which is equal to f(n). 
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To complete our journey we present the last theorem that connects a function 
with its summation function: 


Theorem 4. Let f be an arithmetic function and let F' be its summation 
function. If F 1s multiplicative, then so is f. 

Proof. Let m,n be positive integers such that gcd(m,n) = 1 and let d bea 
divisor of mn. Then d = kh, where k | m,h|n, and ged(k,h) = 1. Applying 
the Mobius formula it follows 


f(mn) = > u(d)F (=") = > n(eayr (=) 


dlmn eB nle 
= > vlkyunyr (2) v (2) 
k|m,h|n 


=| Sour (Z) | [Sour (S) | = toms. 
k|m hin 


We also encourage the reader to redevelop some properties of the functions 
T(n), a(n), d(n) by using the general results we proved above. The following 
problem is an example of how we can deal with such type of problems. 


Example 7.10. For any positive integer n prove that 
n 
du (=) =1. 
dtd) un (= 
d|n 


Solution. Consider the function F'(n) which is the summation function for 
f(n) = 1, we have 
Fin) =) f(@) = D1 =7(n). 
d|n d|n 
Writing the Mobius inversion formula for f(n) we get 


1= f(a) =o r@e (5). 
d|n 


As you can see the problems are not so hard, but you need to get used to them 
and the best way to do that is to practice, to solve a number of problems on 
this topic. 
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Chapter 8 


Problems 


1 Easy Problems 


E11. Evaluate 
(6! + 5!)(5! + 4!)(4! + 3!) (3! + 2!)(2! + 1!) 


(6! — 5!)(5! — 4!)(4! — 3!) (3! — 2!)(2! — 1!) 
E2. Prove that 
1-n+2-(n—1)+38-(n—2)+---4+(n—-1)-24+n-1= ee 


E3. Find a general formula for the sum 


ta at Ue ea Oa eae ce pega 
n digits 
E4. Evaluate the product 
TT 4k? — 3k +1 
A4k3 — 3k —1- 
k=2 
E5. For a fixed positive integer n let ay, = gun 4 KS Oy Dye 


Prove that 7 


a, + ao 


(a1 — a9) +++ (nm — Gn—1) = 


172 


FK6. 


E7. 


EB8. 


B9. 


E10. 


E11. 


E12. 


Chapter 8. Problems 


Prove that for all positive integers n 


“. ok 
er <! 


k=1 
Evaluate 
3 k+1 
at (K-11)! +k!+(k+1)! 
Evaluate 
n 
1 k+1 
II (; T @k+ | 
k=1 
Evaluate 
3n? +1 
Bm \3 
ae (n? — n) 
Evaluate 
n 
> Bl(k? + 1). 
k=1 


Consider n arithmetic progressions with the same common difference d 
and having their first terms 1, 2,3,...,n. If S(n,k) is the sum of the first 
n terms of the arithmetic progression that has its first term k, prove that 


S(n, 1) + S(n, 2) + S(n, 3) +---+ S(n,n) = ay +(n—1)(d+1)). 


Let a 1,Q@2,...,@n, be an arithmetic progression with a; # 0 for all 1 < 
k <n. Prove that 


n—1 
n—1 


ara Qian 
k=1 k4%k+1 14n 
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E13. Let aj,dao,...,a@, be an arithmetic progression with positive terms. 
Prove that 
1 < 1 Re oun — n—-i 
/a,+.,/a2 /a2+.,/a3 ,/An—1 + \/An Ja, + Jan 


E14. Prove the inequality 


1 1 1 
ee | 
V14+V3 VW54+V7 /9997 + ./9999 


bed 


E15. Evaluate 


3 


k=1 k* + 


E16. Prove that 
9999 


2 (is Vera) (Ye+ VRE) 


E17. Find the closed form 


Gi ea a es +4/1+ ee 
12° 22 22" 32 19992 * 20002° 


E18. Evaluate the sum 


zs ES 


ia i 
E19. Let a, =4/1+ (+=) +4/1+ (oe , n> 1. Prove that 
n n 


1 1 1 
a, a2 220 


is a positive integer. 
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E20. 


E21. 


E22. 


E23. 


B24. 


E25. 


E26. 


Chapter 8. Problems 


Prove that 
a ki(n—k)! nl 
Evaluate 
n n n 
\oy May Mn 
1 2 n+1 
Prove that 
ere a Re ae Oe al) a 
m m—1 m—2 0 — 
Evaluate 


2-20) 0) of 


+-+++— 2004 ee} + 2005 fond 


2006 


Evaluate the sum 


> (3% = 2k) (3k+1 = 2ert): 


2008 
6 


Let F,, be the n*” Fibonacci number (Fy = Fo = 1, and F, = Fy_-1+Fh_-2 


for all n > 3). Evaluate 
a ; 
Fre-1l ke 41 


k=2 
Prove that for all n > 3, 
9 


k=2 


(k = 1)3 7 32n—1 


ee) 1 =) 
bi pec ec ; . 
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E27. Let 2 denote the imaginary unit. Evaluate 


nm 


Tl 1+i+k(k+1) 

oe 1-i+k(k+1) 

E28. Prove that the identity 
(n+y+z)?—(2°+y?+z°) = 5(a+y)(2+z)(yt+2)(a*+y?+2*+2y+0z+y2) 


holds for any numbers 7, y, and z. 


E29. Evaluate the following sum for every positive integer n 
(n—1)x 
ot 


T 21 
1+ cos — + cos — +--:+ cos 
n n 


E30. Evaluate 


E31. Evaluate 


E32. Prove that 


S (=1)** - an 
12 — 22 4 32 —...4 (—1)Ft1k2 on 41 


k=] 
E33. If 71,72,...,Tn and ti, to,...,t, are real numbers, prove that 
Tm Tr 
ys So rer cos(t, — t,) > 0. 
k=1 [=1 


E34. Prove that 


(v3 + tan 1°) (v3 + tan 2° ves (v3 + tan 29°) = 279. 
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E35. Evaluate 
(1 — cot 1°)(1 — cot 2°)---(1 — cot 44°). 
E36. Prove that 
Oo ce) 11 ce) 
1, 20861 1 _ cos 62 -_ 1; _ £98 9 ae 
cos 1° cos 2° cos 59° 
E37. Prove that for every integer n > 1, 
Cos zal cos ei COs ze 
gr—1 °° Qn—] gr —j Qn 
E38. Let n be a given positive integer and let 
dg = 2e08 =, $304, 
Prove that ; 
2 
| n—1 
[]@- a) 7 a 
k=0 
E39. The sequence {Zn }n>1 is defined by 


E40. 


2 
ry = Lk41 = Le + Lk. 


9? 
Find the greatest integer less than 
1 1 1 


+ a 
ttl xz4+1 L100 + 1 


Solve the problem left unsolved in the Introduction. Namely, if n is 
any given positive integer and f is defined by f(x) = x — =| show by 


2 

= [| 

3 ee ae 
k=0 

where fl"! is the kth iterate of f (that is, fl = fofo---of withk 

appearances of f; we also consider f!°! to be the identity function that 

maps z to 2, for every 2). 


telescoping that 
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2 Medium Problems 


M1. 


M3. 


M4. 


M6. 


M7. 


177 


For each positive integer k, let f(k) = 4* + 6*+9*. Prove that for all 
nonnegative integers m and n, f(2™) divides f(2”) whenever m is less 


than or equal to n. 


. Evaluate 
1 te ae A he ge i a ee 0 es 10 a 010", 


where each three consecutive + signs are followed by two — signs. 


Prove that 


_, l-nq” q-@q 
1+2q¢+3q?+---+ng™™* = +, 
l1-q (i-4@) 


for every gq # 1. 


Evaluate 


- ; 
44 [2 
re! +ke+1 


. Evaluate the sum 


1 2 Di fee ia 
S41 Beal BF td 32" + 1 


Let f, = 2% +1,n=1,2,3,... Prove that 


for all positive integers n. 


Let an = 38n+ Vn? —1 and by = 2(/V/n? —n+vVn2+7n), n> 1. 


Prove that 


ay — by + Vag — bg +--+ + vag — bag = A+ BV2, 


for some integers A and B. 
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M8. 


Mg. 


M10. 


M11. 


M12. 


M13. 


Chapter 8. Problems 


Let m < n be positive integers. Prove the double inequality 


1 1 1 1 
2(v/n+ si) St aan ea 
< 2(/n—vVm-—1) 
Let 
1 
6.2 = n= 1.2. 


Prove that ,/a; + ./ao+---+./aji9 is an integer. 


Prove that there is no positive integer n for which 


TT + k? +1) 


con 
| 
fat 


is a perfect square. 


Let F,, be the nth Fibonacci number. Prove that 


Tm 
| | (4-1 + Fox 41) = Ponti. 
k=0 


Let x be a real number in the interval (—1,1). Evaluate 


ra k k+1 
[[a-2’ +27"). 
k=0 


Let F,, be the n*” Fibonacci number. Evaluate 


= 1 
) FGF 
k=2 


1F 41 
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M14. Let n be a nonnegative integer. Prove that 
n 2 
2n—1 
EMA) *is-3) 
k=1 aa 
M15. Let n be an odd integer greater than or equal to 5. Prove that 
n n n n 
=n 5 52 aaah =a | n—Ipn—l 
(1) -8(2) +8(g) Foe (2) 
is not a prime number. 
M16. Prove that for any positive integer n the number 
2 1 Z 1 2 1 
Bg TS pts PY Vomit aie cad =) 38 
0 2 2n 
is the sum of two consecutive perfect squares. 
M17. Let n be a positive integer and a be a real number, such that id is an 
T 
irrational number. Evaluate 
1 1 1 
cosa —cos3a  cosa—cosoa cosa — cos(2n + 1l)a 
M18. Prove that 
1 is 1 er 1 | 
sin45°sin46° sin 47° sin 48° sin 133°sin134° sin 1° 
M19. Prove that for every positive integer n and for every real number x + = 


(t = 0,1,2,...,n,s an integer), 


m 


1 
—— = cotz —cot2”z. 
De sin 2k 
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M20. Show that 


sing  sin2z sin nx ; cos(n + 1)a 
ot x — —-——_—— 


) 


eee C ; 
cosx  cos?z cos” x sin 2 cos” x 
1 
for alla # $5) where s is an integer. 


M21. For each positive integer number n prove that 


M22. Let ¢ £1 be a complex number with (7° = 1. Evaluate 
22 


1 
Lipp 


k=0 


M23. Prove that 


n—1 


elt fers tlc] tent let = |= Une], 


for all x € R and any positive integer n. 


M24. Prove that for every positive integer n 


n+ 20 n+2! n+?2? 
st] PSt lst} 


rr 


0<i<j<n 


M25. Evaluate 


where z is a real number. 


M26. Let x, y, and z be integers such that ry + xz + yz = 0. Prove that 
(x +y+4+ 2)? divides x° + y? + z°. 
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M27. Let p be an odd prime. Prove that 


p—l 
kP —k ail 
S- ; = (mod p). 


k=1 


M28. Prove that for each positive integer n > 2 the following inequality holds 
a(n) p(n) <n’, 


where ¢(n) is the number of integers that are less than n and are relati- 
vely prime with n, and a(n) is the sum of the positive divisors of n. 


M29. Let m and n be positive integers with m even and at least equal to 4. 
Prove that 


S((-4)*niter—®) 


> 
I 
oS 


is not a prime number. 
M30. Let p be a prime such that p = 1 (mod 3) and let g = |2p/3]. If 


1 1 1 = i 1 _m 
1-2 3-4 (q-l)q_ n 


for some integers m and n, prove that p | m. 
M31. Prove that for different choices of the signs + and — the expression 
+14+2+---+(4n+1) 
yields all odd positive integers less than or equal to (2n + 1)(4n + 1). 
M32. Let n be a positive integer. Prove that all binomial coefficients () with 


0O<k < nare odd if and only if n = 2™—1 for some nonnegative integer 
mM. 
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M33. 


M34. 


M35. 


M36. 


M37. 


M3s. 


M39. 
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Telegram.me:@math_books 


For each positive integer n define 
— (n+1)(n4+ 2)---(n + 2010) 
7 2010! 


Prove that there are infinitely many n such that a, is an integer with 
no prime factors less than 2010. 


The numbers aj, @2,...,@n > 0 and b; > bg > --- > by, > O satisfy 
ay > bi, ay + aq > bi + bg,..., G1 +GQ+°+:+Gn = 61 +b2+--+4+ dy. 
Prove that for every positive integer 7, 


ai tayt---+al >b+oh+--- +0). 


Evaluate 
CO OO 
yz 
k=1 l=k — 
Evaluate 
DPD eas 
=a (i@+j+4+1) 
Prove the inequality 


Remember the identity from the Example 3.5 and use it to prove that 


ers 
Dimers 
ar: 6 


Evaluate 
= 1 
(@) ype 
2 Gy 
Oe ase 


k=1 
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M40. Let T be the set of all triples (a, b,c) of positive integers such that a, b,c 
are the lengths of the sides of some triangle. Evaluate 


Soe 
i -<om 
(a,b,c)ET 29 
M41. Prove that the inequality 
n-1 n—I1 n—1 
(*) - (2) ee @ pgutast tan 
a2 a3 a1 4/2102°°:An 


holds for any positive real numbers aj, a2,..., Qn. 
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3 Hard Problems 


H1. Find all positive integers n for which 


N= (4+3) (24+ 3) ve (n+ 3) 
is the square of a rational number. 
H2. Let ap > 2 and an41 = a2 —@An+1,n-=> 0. Prove that 
loga,(@n — 1) loga, (@n — 1)---logg, (Qn — 1) = 
for all n > 1. 


H3. Let a be a real number greater than 1. Evaluate 


ioe 
k=1 ae mige oA 


H4. For a nonnegative integer k, define S,(n) = 1* + 2*+---+ nk. 


Prove that 
+> . )s (n) = (n+1)". 


H5. Find all positive integers n such that 


m 


n= [[(: + 1), 


i=0 
where @mQ@m_—1--- ao is the decimal representation of n. 


H6. Let 
k 


(K-18 +k3 + (k +193 
Prove that a; + ag +---+agg99 < 50. 
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H’7. For a fixed positive integer a define the sequence 


On = (a+ a? +1) + (5) | ,n>0. 


Prove that 


H8. Evaluate 


where a # s7, with s any integer. 
H9. Let n be a positive integer. Prove that 
n—1 2 
k-1 k+1 2 2 
I] (2 sin? We + 2sin? eau — sin” =) = € — cos” =) 
ar i) n n n 


H10. Let m and n be integers greater than 1. Prove that 


: 2h 
CTE 8 (hn Hh + nk) ) =o 
bth dct en hike SO ei 3 


H11. Let X bea set with n elements. Prove that 


Yo lyaZl=n-4 7. 
Y,ZCX 


The sum is over all possible pairs (Y, Z) of subsets of X. 


H12. Evaluate the sum 
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H13. Prove that 


GQ | 
| 
Ne) 
3 
+ 
NO 
O 
© 
TN 
i. 
Pa) 
eo} | 
Abd 
» 
Ne 
Nis ee 


(*) 
» k 
k=1 (mod 3) 


> (2) (ma) = (mn) 


for any nonnegative integers m and n. 


H14. Prove that 


H15. Let n be a positive integer. Prove the combinatorial identity 


»()(e)-Ea(t) 


H16. Let n be a positive integer. Prove that 


ECU aredetd 


n 
k=1 


H17. Let (Fn)n>0 be the Fibonacci sequence defined by 
fo = 0, Fy = 1 and Frae = Fayit Fp for n => 0. 


Prove that 


Ss P 7 *) = Frit. 


k>0 


Obviously, the sum lasts as long as the binomial coefficient is not 0 (that 
is, as long asn—k>k). 


H18. Evaluate 
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H19. 


H20. 


H21. 


H22. 


H28. 


H24. 
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Partition the set of positive integers into n > 1 arithmetic progres- 


sions with first terms aj, da2,...,@,, and common differences dj, do,..., dn 
respectively. Prove that 
- a, n+l 
te 
Let aj < ag <--- <a, and bj, b9,...,b, be positive real numbers such 
that 


a; +aot+---tap>b, +b.+---+ bh for alll <k<n. 
Prove that a,a9°--:apn > b1b9--- by. 


Prove that Carleman’s inequality, that is, 


holds for every positive real numbers aj, a2,.... 


Prove that ‘ 
nm 
4n* — 3n +5) 
>> |va| = ea) 
k=1 6 
Let p and q be relatively prime odd natural numbers. Prove that 


x lz] e 


Let p be an odd prime. Prove that 


Rk] (p—2)(p—1)(p+1) 
eee meni 
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H25. 


H26. 


H27. 


H28. 


H29. 


H30. 


Chapter 8. Problems 


Let be an odd prime and let f : Z, — R be a function such that 


—— is not an integer, for k = 1,2,...,p—1; 
(ii) ie + f(p —k) is an integer divisible by p, for k = 1,2,...,p—1. 
Prove that ; 
p—- p- 
ae l 3 p 
pal leat 


If p > 3 is a prime number and 2g, y, and z are integers such that 
etyt+zand ry+2z+ yz are both divisible by p, then x? + y? + z? and 
zPyP + gPzP + yPzP are divisible by p?. 


Let p be an odd prime and let 


Sq = : a Ben 
9 2-3-4 5-6-7 q(q+1)(q+2)’ 
= 1 
where q = 2. Assume that — — 2S, = = for some integers m 


and n. Prove that m = n(mod p). 


Let n be a positive integer, and let 2” be the highest power of 2 dividing 
n. Prove that 2?" is the highest power of 2 dividing the numerator of 


ipa tee a + : 
3. 8 2n—1 


when the sum is represented as a fraction in its lowest terms. 


Let n > 2 bea positive integer, with divisors 1 = dj < dg <...< dg =n. 
Prove that djd2+d2d3+---+d,_1d, is always less than n?, and determine 
when it is a divisor of n?. 


Prove that 


5 


w(d) _ ¢ 
Bae aes 
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H31. 


H32 


H33 


H34. 


H35 


H36. 
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Prove that oe 
S/o(d)u (=) = 4, 
d 
d\n 
Prove that 
1, if nis not a power of a prime 
[[@@= 4 1 . , , 
—-, if n=p*, with p prime. 
d|n p 


Let a, be a sequence of integers that satisfies 


So aa = 2” for all n > 1. 
d|n 


Prove that n | a, for all n > 1. 


Prove that 2 
3 g(r) _ 9 
an 
n=1 
Let p be a positive prime, and let r be a positive integer. Consider the 


positive integers n and m such that n > m > p” —p"—! and the integers 


Q1,...,@n. For any 0 < 7 < n denote by s; and ¢; the number of sums 
of the form Qj, fF o+* a4, with 1 < 4) < +--+ <2; <n which are, and, 
respectively, which are not divisible by p (thus sg = 1, to = 0). Prove 


that - 
S= y= (-1) (" 7 : 9) sea =0 (mod p’) 
j=0 
and Pe 
nm—m+ 
T= S—( 1)( ; 1) tn =0 (mod p’) 
j=0 
Evaluate 


11 ays 12 a ie aye 
LO235 9-3-4\5 3.4.5\5 
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H37. 


H3s. 


H39g. 


H40. 


H41. 


H42. 
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Let a be a real number. Define the sequence (r7,)n>1 recursively by 


£1 =1land fn41 =a" +nety, for n> 1. 


Prove that 
00 n 
f(-8)-r 
nee In+l 
Evaluate 
d » (i+j+ 2)! 
Prove that 
— = — 
a k 90 
Evaluate 
l 
= k = k2'+1 
Let a1, @2,...,@199 be nonnegative real numbers such that 
aj +43 +-+++ + Ajo = 1. 
Prove that 
2 2 2 v2 
Q,a2 + Q9Q3 + mer + Q1902@1 < 3 , 
Let 21,...,2199 be nonnegative real numbers such that 


Ci+ Ui41 + Li42 <1 for allz =1,...,100 


(set 21901 = 21, 2102 = £2). Find the maximal possible value of the sum 


100 
S= ) LjLj42- 
=i 
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H43. Prove that for any real numbers 71, 2%2,...,%n and any nonnegative real 
numbers 71,72,...,Tn the inequality 
nm 
Ss" min(r;,7;)x;x; > 0 
1,j=1 


holds. (The sum is over all pairs (7,7) with 1 <i<nand1<j <n.) 


H44. Let aj, bi, a2, bo,...,@n, bn be nonnegative real numbers. Prove that 


n n 
Ss” min(a;a;, b;b;) < S- min(a;b;, a;b;). 
1,j=1 1,j=1 
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Solutions 


1 Solutions to Easy Problems 
E11. Evaluate 
(6! + 5!)(5! + 4!) (4! + 3!)(3! + 2!)(2! + 1!) 
(6! — 5!)(5! — 4!)(4! — 3!)(3! — 2!)(2! — 1!) 
Solution. We have 
(6! + 5!)(5! + eee + 3!)(3! + 2!)(2! + 1!) 
(6! — 5!)(5! — 4!)(4! — 3!)(8! — 2!)(2! — 1!) 
(7-5 (6-4 (5- 3!) (4- 21)(3- 1) 
— (5 BI (4- AN (3 - 3!)(2- 21)(1- 1) 
after simplifying. We used the formulae 


(kA+1)!+k!=(k+2)-k! or (k+1)!—k!=k-kl. 


= 21, 


E2. Prove that 
1 2 
1-n+2-(n—1)4+3-(n—2)4+---4+(n—1)-24n-1= ee, 


Solution. Indeed, we have 


(Hiei boost Deis Matis 
k=1 
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” ” n(n+1) n(n+1)(2n+1) 
=(n+1)) k-YS BR =(n4+1)—-—— - > 
Pa? 


_n(n+}) _ n(n t(n+2) 

eee eee as an a 

according to the well-known formulae for the sum of the first n positive 
integers and the sum of their squares. 


(38n + 3 —2n—-1) 


E3. Find a general formula for the sum 


1+ 114+ 111-4 +++ +11...11. 
n digits 


Solution. We have 


nr 


1 a ee > eee ye Ee 
ois — ; 


n digits k=1 : 9 k=1 
_ 10 10°-1 an 
a: 9 9 


= (10"** — 9n — 10). 


We used the well-known formula for the sum of a geometric progression: 


n n—1 n 
2 Geant 
df =), ¢ = 

k=1 j=0 q 

for all g #1. 
E4. Evaluate the product 
IT 4k? — 3k+1 
4k? — 3k—1 


k=2 


Solution. It is easy to factor 


Ak® — 3k +1=(k+1)(2k—1)° 
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and 
Ak® — 3k —1 = (k—1)(2k +1)”. 
Thus the product that we want to calculate becomes 


n 


pe k+1 IT 2k-1\7 
4k3 —3k—1 k—-1 2k+1 


k=2 k=2 k=2 
2 
ei ae) 3st) 
— n(n+1) 3 2 — 9n(n +1) 
1-2) (ant 1) — 2(2n+4+1)? 


since both products telescope. 


E5. For a fixed positive integer n let ay = Qe ae ko k= 01 .akan. 


Prove that ; 


ay + ao. 


(a1 — ao) -+- (@n — Gn-1) = 
Solution. Here we use 
(a7 ++a4+1)(a? —a4+1) = (a7 41)? — a? = a* +07 +1, 
more precisely we use it in the form 


gies ae a 


2 
— ———— 
a a+ aoa 


This allows telescoping products like 


gn—1 


(a* —a+1)(a* —a?+1)---(a* —a +1) 


— a*+a?+1 ab +at*+1 qe 4g?” 4.1 qt 4g?” 41 


~ a@tatl attaet+1 a@ +a 41 °&«23attatl 
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In our case 


nm n nr 9k+1 n ok—n 
k-—n k-1l-n 2 + 2 + 1 
] | (ae — ax-1) = [] 27" * - 2? +1) = || 5—=—e 
k=1 k=1 K=1 2 +2 +1 
Bee i 7 


~ paicn | o2i-im-n 4 oem 92” a tag 


Qn-n 


E6. Prove that for all positive integers n 


— &k 
Liga 


k=1 


Solution. We have, indeed, 
” “.f{ k+1 1 
> er “ie eri) 
nr 
3G say) 


k=1 
1 


= (n+ 1)! 


E7. Evaluate 
s k+1 
(k-1)!+k!+(k4+1)! 


Solution. We have 
(kK-1)l+k!4+(k+1)!=(kK-DIQ+Kk+k(k41)) = (K-11) k +1)?, 


hence 
k+1 1 
ahs ar 2 EDRF) 


1 
= eri o> Gre 


as we have seen in the previous problem. 
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E8. Evaluate 


Solution. Because 


ns k+1 4k?+12k+9 1 (2k+3)% 1 (2(k+1)4+1) 
8 


1 
(2k+1)2 8(2k+1)2? 8 (2k+1)2? 8 #£(2k+1)2 ° 


the product telescopes, as expected: 


IT 1 k+1 \ 1 77 (2k4+3)? | (2n+3)? 
ye ee kale Brg 


E9. Evaluate 


Solution. Notice that 


2(3n? +1) = (n+1)?—(n-1)? and n?—n=n(n—-1)(n+1), 


therefore 

“Bn? +1 0 14 2(8n? +1) 12 1 1 

d, (n—n)> 3 eam ~ 2 2 bape 1))3  ((n+ a) 
1 1 1 


for any positive integer N > 2. Consequently, 


ee Oe a! 1 —1 
(n3—n)3 N30\16 2 ((N+1)N)3) 16 


n>2 
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E10. Evaluate 


E11. 


Solution. We have 


ya (k? +1) =p" ((k +1)? — 2(k +1) +2) 
k=1 


= 30 ((k+1)! (k +1) — 2(k +1)! + 2k!) 


k=1 
=> ((b+2)!— (+1) N) 257 ( ((k + 1)! — kl) 
k=1 k=1 


(n+ 2)! —2!-—2((n+1)!-1!) 
=(n+2)!—2(n+1)!=n(n+ 1). 
We used 
(A+ 1)'(kK+1) = (K4+1)'((k +2) —1) = (k+2)!- (k4+1)!. 
Consider n arithmetic progressions with the same common difference d 
and having their first terms 1,2,3,...,n. If S(n,k) is the sum of the 


first n terms of the arithmetic progression that has its first term k, prove 
that 


2 
S(n,1) + S(n, 2) + S(n,3) +---+ S(n,n) = = (2 +(n—1)(d+1)). 
Solution. Indeed, we have that 


S(n,k) = 


for each 1 < k <n, therefore 


nin—-1 - nin —1 
S08 k) = 92 (nk MDa) =n dike nea 


k=1 


n(2k + (n — 1)d) 
y) y) 


_n(ntl1) n'(n-1),_ n? 
= NH 4 d= 2+ (ne ~1)d+ 1). 
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E12. Let aj,a2,...,@n be an arithmetic progression with a, #0 for all 1 < 


k <n. Prove that 
n—1 
1 n—l 


apa Q1An 
pay k4k+1 14 


Solution. Let d be the common difference of the progression, that is, 
d = a2 — @, = ++: = Qn — An-1, 


and, more general, a; — a; = (j —17)d for all 7,7 € {1,..., n}. 


The key observation (for telescoping) is that 


1 1 d 1 aey—-a 1/1 1 
7 ~ ak 


QpQpr1 GA ApGe41 Gd agagiy Ak+1 
Therefore 
| =i 
A“ 1x ( 1 1 4 ( 1 1 
Apa 7 ~ a a a dla a 
boy Ckok+1 ta, NOK Ak+1 1 an 
1 an-a, n-i1 
ad  a1Qn a1 an 
as desired. 


Many sums of this type are encountered; for instance, 


ess 2 Ve 
M—k(k+1) — k k+l) = non? 


or 


n—l n—l1 
> acne >» 
— (6k—1)(6k+5) 6 A rag az) 
1 
6 
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This also allows the computation of the corresponding infinite series. 
Thus 


and, similarly 


oe) 1 . n—1 1 
DG 1)(GR 45) ~ LGR) 


k=1 
—n306\5 6n—-1/ 30° 


Notice that a converse is also true. Namely, if, for the nonzero real 


numbers aj,...,@n, we have 
- | 
: | fs 
Apa aja; 
k=1 k¢k+1 14) 
for all2 <j <n, then aj,...,@, form an arithmetic progression. Indeed, 


by subtracting the above equation from the similar one obtained by 
replacing j to 7 +1, that is from 


4 j 


k= QAbkAk+1 ~ @4ag44’ 


we obtain . . 
1 7 7-1 


Ajaj+1 Q1Q744 aa; 


After clearing the denominators and rearranging a bit, we get 


(j — 1)(@j41 — aj) =a; -— a1 


for 2<7<n-—1. For example, when j = 2, this gives a3 — ag = ag — a}. 
We denote d = a3 — ag = a2 — a1, and see that a, = a, + (k —1)d is true 
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for k € {1,2,3}. Assuming this to be true for k = j, we get (from the 
above equality) 


© — 1) (a;41 — a;) = @ — 1)d => Aj41 = a; +d=> Qj41 = a1 + jd, 


thus a, = a, + (k — 1)d is shown to be true for all k < n, by induction 
— which is what we intended to prove. 


E13. Let aj,a2,...,an be an arithmetic progression with positive terms. Prove 
that 


1 1 1 n—1 
ee ee eS ee ee ee 
Jat fag faz + /a3 Van-1+ Jan Vat Van 


Solution. Let d be the common difference of the progression, so that 


Qk41 —-Q, =dforl<k<n-1. 


Then 
yee ES ve 
On + /k+1 fF Akt+1 — ak ae 
=(n— 1) ¥en v1 =(n- 1) van 7 va 
(n —1)d An — ay 
a. eed 
Jai + 1/An 
Prove in an analogous manner that 
3 1 n—1 


2 Tas yan + i/aey /a2 + Yayan + %/a2 


E14. Prove the inequality 


1 1 1 
Sa he ee 
V14+V3 V54+V7 /9997 + /9999 
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Solution. We proceed as in the previous problem in order to get 


5000 5000 at = J2k—1 
d V2k—-14+V2k+1 on 


L 99 
= 5(v10001 — 1) > =, 


the inequality being equivalent to “10001 > 100 = 10001 > 10000. 


Now, for the sum from the statement of the problem we have 


2500 1 2500 1 1 
eT A aaa) 
1 5000 
5 RST ET >= > 24, 
a) V2k -1+ ET +] 
as desired. 
E15. Evaluate 1 
) | 
n k 5 
1: 
_1 [4 = 
k=1 k* + 1 


Solution. We have 


1 1 
kt + — (+k +5) (+5) 
2 2 
1 
k—-=- k+ 5 
kts e+k+= 
1 1 
: eaG (R+1)—5 


K-14 5 (K+ 1) -(k+1) +5 
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consequently 


1 1 
Bia 27 Gee Cae hee 
ea F=y [2 - ; 
1 1 
k=l k* + 7 k=1 kek +5 (k+1)*-(k+1)4+- 
1 1 
ea ewe 
ye ae 
1 1 
P-14+5  (mn+1?-(n+1)+5 
1 
ies es _ n2 


a ae 
2=1 
i= 

1 k4 + — 

k=1 par 


E16. Prove that 
9999 


~ (VE+VE+1) (Wk+ Ye+1) 
Solution. Indeed, we have 
(Va + vo) (Ya+ vo) (Ya- Vo) = (Va + vo) (Va - vb) =a—b 
for nonnegative a and 6b, thus 


(Vk +1+ vk) (Ye+1+ Vk) (Ye+1- Vk) =1 


for k > 0, and 
9999 1 9999 
SY (8) 


cat (VE-+ Ve+1) (Ve+ Ye+1) i 
— 710000 —1=9. 
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E17. Find the closed form 


E18. 


a ea) eee +4/1+ ar ew 
12" 22 22 ' 32 19992 © 20002 


Solution. Here we must observe that 


a k*+ 2k? 4+ 3k74+2k+1  (k?+k+4+1)? 
k2 ° (k+1)2 © k2(k + 1)? — -k#(k +1)? 
1 2 
~ (1+ con) : 
Consequently, 
1999 1999 1999 
1 1 1 1 1 
1+5+4+——_, = 1+——__} = fe 
d/1+at @aip Y+gaa] (1+; Eri) 
k=1 k=] e=1 
1 3999999 
=] a 
999 + I~ 3000 ~ ~ 2000 


Evaluate the sum 


1 
> Vk + V4k2 —1 


Solution. Knowing the formulas 


ee pm les fee Lalas. 


for de-nesting nested radicals of order 2 can be very helpful here. 

(Of course these formulas work for nonnegative a and b such that a’—b>0 
and they indeed de-nest the radicals only if a* — b is a square.) 

For a = 2k and b = 4k? — 1 (and with a plus sign) we find 


/ / [2k —1 
2k+ V4k2 -1= aT + - 
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and reveal the sum to be an old friend: 


Be er Fae J4k2 — 1 oN eee as oe 
ee — /2k — - 


k=1 


= Ve (Vins 1-1). 


E19. Let an = 4/1 + (+5 + f+ ( (1- =) , n> 1. Prove that 


a, a2 a20 
1S Qa positive integer. 
Solution. We have 
a k; _ V2k? + 2k+1-V2k? — 2k +1 
Qh V2k?+2k+1+V2k? —2k4+1 d 
therefore 
20 4 1 2 
\-— = 5 >. (Vv 2k + 2k +1- V 2k? — 2k +1) 
Qk 4 
k=1 k=1 
1 2 
= ol (k +1)? —2(k+1)+1- V 2k? = 2k +1) 
k=1 
1 


= 2.912 -2-M41- 2-12-2-141) =7, 


a positive integer. 


E20. Prove that 
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Solution. This is more like a joke: after multiplying by n!, the identity 
to prove reads 


that is, 


~. (n 
— yn 
(i) =™ 
k=0 
which follows instantly from the binomial theorem. 


E21. Evaluate 


Solution 1. We have 
1 (/n\ 1 n! — 1 (n+ 1)! 
k+1\k/  k+1 k(n-—k)! n4+1 (k4+1)\(n—-kb)! 
— 1 n+1 
mt 1\k4+i/)’ 
therefore 
= ans 1 (nt+1\_ 1 3 ae 
k+1i\k) “~n4+1\k4+1 ee ora j 


= ——— (9+ = 1), 


by the fundamental formula, again. Indeed, we have 

n+1 

(PEE ant (PET) aaa 
jal \ 4 : 

Solution 2. Now we integrate the formula 


s (j,) 2" =(1+2)" 


k=0 
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with respect to x, on the interval [0,t]. We get 


i (> i) *) aes [a +2)"de 


k=0 


” n perl 1 
ee ay, 
Pt Fe rare ek Mea 


Again we arrive at a more general formula than the one that we need to 
prove, which can be obtained by specializing to t = 1. 


E22. Prove that 


Ga Ore Ed ir) aaa Oar La 


Solution. By the recurrence formula of the binomial coefficients, that 


Os) = Gs) +2) eG) =Cr)-62)) 


we have 
Bae ray cs Hae) ) 
ant. Pane) 
_ me), 


Note that, when used for 7 = m, the recurrence formula is usually written 


; Ca")- (3%) 
Pree se 


rather than 
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(the last binomial coefficient is considered to be 0). Also note that we 
can also put the formula in the form 


beoneh* tami pres onl Geaeadl 
+ + feet = | 

n—-m n—-m n—-m n—m n—-m+l1 

(due to the formula (3) = (,*,)) and, if we denote p = n—™, it 


becomes 


(5s) ane) (f nae 


We have here basically the same identity, but in a different form, that 
often appears in the literature. After multiplying by p!, we can also 
express this as 

Tr 

> IG -1)---G-p+1)= 


jJ=P 


(n+1)n---(n—p+1) 
p+ 


This last identity (which we met in the first chapter) can be proved by 
telescoping with 


JG — V+ G—p+)) = (G+ IG - YG —P + 


=99 = 1) apa DOD). 


2008 2008 2008 2008 
Os) 202) CS) C5) 
2008 2008 
a y) 
+ 2004( sh + 005 (ho 


Evaluate 


Solution. The two already discussed formulae 


Sar()-o me Eeam()-« 
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which hold for n > 2 imply 
D-nhi -2)(7) = b-te(7) . 2») ({) =9. 


We can rewrite this as 


-2(*) + (2) +S-nra-a(%) +nte—a(2) =0 


and we deduce from this one that, when n > 4, 


n—1 


S-(-1) 1k - 2) oO =—24+n+(-1)"(n —2) = (n—2)(1 + (-1)”). 


k=3 
For n = 2008 we get 


2007 - 
So (-1)* Nk =/2) (;) = 4012, 
k=3 

and this is the sum we are asked for. 


E24. Evaluate the sum 
>, k+1 _ 9k+1)° 
= \(3 DR) 
Solution. We have 
a 6* 6* 
(3% — 2h) (3R+1 — Qk+1) ~ wee (3% — 2h) (3k+1 — Qk+1) 


k=1 
n 


. ok gk+1 
ee (sm ok - | 
gnt+l 

ae (2 — 3nd — gntt 


Qa 7 
a (2 7 aa] nee 


| 
Ag 


| 
j 
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E25. Let F,, be the n*” Fibonacci number (Fy = Fo =1, and F, = Fp-1+Fh-2 
for alln > 3). Evaluate 


a 
o Fra F 1 
Solution. We have 
©. 6) n nm 
FE F; Fy — Fee 
\ k = lim k = lim kt+1 — Pei 
fay kt ky1 | 00 Tey 00 eB 


| 
Le 
gB 
(M: 
, ia 
= 
| 
r 2 
NX.” 


{| 
= 
ae 
y rk 
Na] 
elt 
Se 
Saaee, 


_ 1 
since Jim. FE. clearly equals 0. 


E26. Prove that for all n > 3, 


Tl 1 ke +kt+ — ol ni —n\° 
9°  (k—-1)3 J 32n-1 2 


k=2 


Solution. We have 
1 k?+k+1— (k-1)?4+9(k?+k4+1) kh? 4+6k?4+12k4+8 


9° (k-1)3 — 9(k — 1)3 7 9(k — 1)3 
— (k+2)° 
9(k — 1)3’ 
thus 


(1 ke+k+1  (k+2)3 — (n—1)3n3(n +1) 
NG +A) = Magis = Geer 


_ 1 n= —n 
~ 32n—1 y) ; 
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Or, because the result is already given, we can use induction. 
For the induction step we need to show that 


1 (n3-n\? 1 nitnt+ 7 1 (n+1)? —(n4+1) : 
32n—1 D 9 (n — 1)3 ~ 32(n+1)-1 ») : 


which basically reduces to the same identity as above, namely to 


1 n?+nt+1_— (n+2)° 


9° (n-1)3 = 9(n—1)3 
E27. Let 1 denote the imaginary unit. Evaluate 


fae, 
baa 1): 


Solution 1. Factoring we see that the given product is 
— 1+i+k(k+1) mm see aaa ae! 
1—i+k(k+1) rr (kK+1+1)(k —-1) 


k+i La es eee 


In this splitting both products telescope and we find that the product is 


fe al es An+1) | r(n+2) 
an loitkk+1) (nt+1+i)(1—-1) n?+2n42 n2+2n +2’ 


where we have noticed that 1+7 = 7(1—7) to cancel and multiplied both 
numerator and denominator by n+ 1—7 to make the denominator real. 


Solution 2. We can also solve the problem in a harder (but, we think, 
instructive) way. We have 


L+itk(k+1)=k?+k+1+i=rpz(cost, + isint,), 
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where 
— (k?+k+1)2+4+1 
is the modulus and 


tk = arctan Rahal 


is the argument of the above complex number. Similarly, 
1-—i+tk(k+1) =k? +k+1—-—1i=r,(cost, — isintg), 
thus 


1+i+k(k+1) _ rp(cost, +isin ty) 


a = sh er 
[Ake nos 


and 


nr 
Geeessiesy II COS (2ty) + isin(2t;)) 


va) 
= cos (23%) +7sin (25%) 
k=1 k=1 


Now we have 


1 1 1 
tk = arctan rig are | = arctan k — arctan k41? 
hence 
= 1 1 1 
ye = arctan 1 — arctan = — — arctan ——., 
ntl 4 n+1 
k=1 
and 
Tm 
1 k(k 1 1 
ga seu Ce) = sin {| 2 arctan +2cos {| 2 arctan 
re eee 1) n+1 n+1 


We also used cos(7/2 — t) = sint and sin(a/2 — t) = cost. 
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Explain how the results of the two solutions fit. Also, remember that we 
evaluated 


3 arctan a arctan(n + 1) 
= k?+k+1 


in Example 2.47, yielding 


3 arctan ce arctan(n + 1) — is 
= k2+k+1 4 


However, in this solution we get 


Tm 
5 arctan ——— = oie arctan , 
= k?+k+1 4 n+1 


Why are these two results one and the same? 


Prove that the identity 
(aty+z)?—(2°+y?+2°) = 5(x+y)(x@+z)(yt2) (a? +y*+2"+ay+e2+y2) 


holds for any numbers xz, y, and z. 


Solution. Transforming sums into products (that is, factorizing) is 
always a question of interest in mathematics. But this is not the only 
reason for which we consider this problem in a book about sums and 
products. The solution that follows is in connection with the so called 
sums of powers. More precisely, let us denote 


S=xt+yt+2z, Q=ryt+aez+y2z, P=xryz 
and 
S,p=a t+y* + 2°, 


for integer k. (.S; is thus the sum of kth powers of x, y, and z.) Accord- 
ing to the fundamental theorem of symmetric polynomials, every such 
a polynomial in three variables can be expressed as a polynomial in the 
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fundamental symmetric polynomials, which are S, Q, and P. In particu- 
lar, S; must have such expressions whenever k is a positive integer. For 
instance S; = S, 


So=(x+y+ 2)? — (cy +aez+ yz) = S? —2Q, 


and 


S3 = S° —-38SQ+3P 
(as we will see in a moment). Of course, So = 3. 


(Note that similar expressions can be found for negative integer k, too, 
but as rational fractions. For instance, 


S_1 = Q/P or So _ (Q? = 2PS)/P? 
are immediate formulae, but this is not our matter of interest for now.) 
Coming back to our problem, we see by direct computation that 
f(t) =(t-2)(t-y)(t-z) =P -—S?+Qt-P. 


Consequently, 
2® — S2*+ Qa — P= f(x) = 0, 


which implies that 
a” — Se*-1 + Qa*-? — Pr*3 =0 


for all k. Of course, similar equalities hold for y and z, too. Adding the 
three such equations yields 


Sk — SSp-1 + QSp_-2 — PSx_-3 = 0 @ Sy = SSp_1 — QSp_-2 + PSp_-3 


for all integers k, that is, we get a recurrence relation that helps us 
express 5; in terms of S, Q, and P for any k. Thus 
S3 = SSo — QS) + PSo 
= $(S* —2Q)-QS+3P 
= $° —3SQ + 3P, 


1. 


Solutions to Easy Problems 215 


as we already said. We go further with Sy4: 
S4 = SS3 — QS + PS; 
= §(S° — 3SQ + 3P) — Q(S* — 2Q)+ PS 
— §*— 457Q + 4PS + 2Q?, 
then we get 
S5 = 5S4— QS3 + PS2 
— $(S* — 487Q + 4PS + 2Q7) — Q(S° — 3SQ + 3P) + P(S? — 2Q) 
= $° —5S°Q + 5PS? + 5SQ? — 5PQ. 
Consequently, 
(a@tytz)?— (a? t+y?+2°)=S°— Ss 
= 5S°Q — 5PS* — 59Q* + 5PQ 
= 5(S* — Q)(SQ — P) 

and in this form it is not hard to factorize, is it? But 
S*—-Q=(r2+y42)? —(sytaztyz) H=2° ty +22 +aytaezt yz 
and 

SQ-P=(a+y4+2z)\(cy+ 22+ yz) —ryz= 

=eytaoyrtarztaoze*ty2zt yz? + xyz 
= (a+ y)(z + z)(y +z) 
(get the factorization!) hence we obtain the required identity. 
Note that, by going on in the same manner we will get 
S? — S$; =7(SQ — P)(S* — 282Q + PS + Q?), 

hence another (hard) identity: 

(xcty+z2)'-(2 ty? +2) =7(xt+y)(z+z)(y +2) 

: ((x? +9? + 2? + ay + 02+ yz)” + 2yz(e+y +2)] 
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If one lets z = O in these identities, then one gets other (not easy to 
prove and useful) identities. Find them! 


E29. Evaluate the following sum for every positive integer n 


(n — I)n 


T 20 
1+ cos — +cos — +::--+ cos 
n n 


Solution 1. For a real number z and a positive integer n, we denote 


A=1+cosz+cos2z+---+cos(n —1)z 


and 
B=sinz+sin2r+---+sin(n —1)z. 
We have 
A+ Bi=1+(cosxz+isinz) + (cos 2z + isin 22) 
+---+(cos(n — 1)x + isin(n — 1)z) 
=1ltzteter$ 2%, 
for z = cosz +isinz (hence z* = coskxz + isinkz, by de Moivre’s 


formula). Now 


RR i gt US I ee 


l1—z  1-—cosxr—isinz 

2 in ( s +isin—) 

—s 1 ———— ———s — 
Pie a ae 9 
- —2isin = (cos = + isin = ) 
9 9 9 


sin aoe 
Oo —] —] 


si 2 2 
aa 


because, by the usual formulas, 


x x 
1—cos z—isinz = 2sin? = 2 sin 5 cos 5 = =77 sin 5 (cos 3 +7sin =| : 
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Thus we obtained 


. na 
sin — 
— 1 —1 
A+ Bi =—*% Fre lest gay pr Le : 
sin — 2 2 
2 


which, by equating the real and imaginary parts, yields 


. (n —1)x 
n—1 sin —— cos 
A=) coskr = 2 —z 2 
k=0 sin 9 
and 
nz. (n—-l1)az 
sin — sin -————— 
ee Ree 
sin — 
2 
In particular, for = 1/n, the first formula gives 
sin — COs eae aan 
2 —] 9 
ena ee ee — ee — i 
mr me me sin — 
2n 
since 
—] 
sin =1 and cog (= tn = cos (5 — =~] = sin 


This suggests that the original problem has a simpler solution. 
And, indeed, we have 


Yeon con 28 = = Yon (x) - -¥ on 


(because when k runs from 1 to n— 1, n — k does precisely the same 
thing), implying our result 


n—l ba n—1 ba 

) cos— =04) cos — = l 
n n 

k=1 k=0 
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However, the calculation of the more general sums A and B is important 
and interesting; that’s why we come with two more solutions. 


Solution 2. We can evaluate (as we already have done before, but 
repeating is not a bad thing) 


2Asin 5 = Y Poo sn = 3 (sin (ka + =) — sin (kar = =I) 
= y (sin ((x +1)x- =| — sin ( — =) 
= sin (na = =| — sin (-= = 2sin — cos =, 


and we find again the above result. We invite the reader to proceed in 
the same way, in order to recapture the formula for B. 


Solution 3. Once we know the formula, we can also use induction. 
We prove the formula for the sum B: 


NL n—l1)x 
n—-1 sin — sin (n— De 
SS sinks = —_2___ 2 
k=0 sin 3 


This is clear for n = 0, or for n = 1. Assuming it to be true for n we 
would get it for 2+ 1 instead of n if we showed that 


ng, (n—-l)e _(nt+lje . ne 
sin — sin ————— sin -———— sin — 
2 FE 2 +sinng = —__*_,—4., 
ee sin 5 
or, equivalently, 
sin lis sin ee) + sin ne sin 5 = sin = Sl = 


9 ne 


And this is true, because 


(n —1)x 


; . & 
+ sin nz sin — 
2 2 


_. We, 
sin —— sin 
2 
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= sin— sin ae +2sin — cos — sin — 
2 2 2 2 2 
ol 1 
= sin (sin © + 2005 sin F) = sin OE sin, 


where, for the last equality, we used 
sin(a — b) + 2cosasinb = sin(a + b) 


for a= nz/2 and b= 2/2. 


Finally, observe that formulas like 


n—1 sin —————— cos — 
S> cos kx = —__4_, 4 
k=1 sin 9 
Or 
in On —1)z 


pt oeoske = 


can be easily obtained from the above formula for B, by the the usual 
trigonometric transformations. 


z. 
2 a 
sin 5 


E30. Evaluate 


= k(k-+1) 
els 


k=1 


Solution. One sees immediately that k(k + 1)/2 is even if and only if 
the remainder of k when divided by 4 is either 0, or 3. Thus the sum 
actually can be expressed as 


= k(k+1) 
So(-1)0 2 = -1-14+14+1-1-14+141---., 
k=1 


(it starts with two —1s followed by two 1s, and this pattern goes on and 
on), thus a quick answer would be 
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0, n=Omod4 

” k(k+1) —1, n=1mod4 
6 ae - 

—2, n=2mod4 


—1, n=3mod 4. 


Although very rapid, this answer is also a little bit naive, as it does not 
offer a unitary closed form for the given sum. We will see two ways to 


do that. 
First, if we write s,, for the given sum, we immediately note that s; = —1, 
sg = —2, 83 = —1, s4 = 0, and Spi4 = Sy for all n > 1. This is a lin- 


ear homogeneous recurrence relation, of order 4, with the characteristic 
equation z* = 1 having four complex (and distinct) solutions +1 and 
+i. Thus there exist constants a, b,c, and d such that 


Sy, =atbd(-1)" + ct” + d(-2)”, 
for all n > 1. The initial conditions produce the equations 
a—b+a-di=-—-l1, a+b-—c-—d=-, 
a—b—ci+di=-—-1, anda+b+c+d=0Q, 


which are easily solved to yield a = —1,b=0, c=d=1/2. 
Consequently, 


| Ly, ; 
S, = —1+ 5 (e + (—i)”). 
Further 


i” 4+ (—4)" = cos — + isin — + cos — — isin — — 2cos 
eB 2 2 2 


thus we finally get this (maybe a little surprising) formula 
_ k(k-+1) nt 
So(-1)2 = —1+ cos oe 

k=1 


for every positive integer n. 


1. 


E31. 


Solutions to Easy Problems 221 


Telegram.me:@math_books 


Another way to proceed is to observe that 


ee Sis Fie pee 


k=1 4j<n 4j7—1l<n —2<n 4j—3<n 


where the first sum from the right hand side is over all indices 7 > 1 


(positive integers) satisfying 47 < n and it comprises all terms from the 
k(k-+1) 
initial sum of the form (—1) 2 with k = 47. Similarly, the other three 


sums consist of the terms of s, corresponding to indices congruent to 
3 (respectively to 2, respectively to 1) modulo 4. Since there are [n/4] 
values of 7 > 1 satisfying 47 < n, the first sum from the right equals 
[n/4], and similarly we evaluate the other sums, getting the result 


Stith Oe) ee ey 


n 
k=1 


Again, this is somehow unexpected, isn’t it? However, we obtained it in 
a very natural way — thus it actually is very natural, too. Also note that 
the nice identity 


1 2 
Fl+ 4 |-|" |- [SE] --1+e8Z, new, 


4 4 4 4 
follows since the two results must be equal. 


Evaluate 


k=1 


Solution. As in the previous problem, we immediately (and naively) 
find the result 


n, n=Omod4 
S(-1) Ey —1, n=1mod4 
—n—-—1l, n=2mod4 


=“ 0, n=3mod 4. 
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But, again, this is not satisfactory enough. 


We can use an Abel type summation formula (a very simple case), 
namely 


n 


S kag = S “(ag +++: + Gn) = (a1 +++ +n) — So (aa + +++ + ag-2). 


k=1 k=1 k=1 
k(k+1) : : : 
For a, = (—1)” 2 ~we obtain, according to the results of the previous 
problems, 
nm Tr 
) Bae Dy k-1 
So(-1 r =n (14 008°") — 9 (-1 + 008 S59" ) 
k=1 k=1 
Tm 
nm (k-—1)a 
= 1 cos > — eee 
k=1 
—1 
sin 7 cos (n A 
= ncos — — ae 
4A 
This can also be written as 
_ Qn-1)a 
i pee 
pe} 2 2 sin 2 


after using a product-to-sum formula for the numerator of the second 
fraction in the first form of the result. 


We can also write the sum in the form 


S(- = S~ 4j+ > (4j-1)— p> (47 -2)— Ss (49 —3) 


k=1 Aj<n 4j—1<n ~2<n 4j—3<n 


and the reader is invited to check that this leads to the following formula 
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gn sw Ft egran. ne Tat p00 ks TT n> 


with integral parts: 
ib k(k+1) n |2 n+1 : n+2 4 n+3 e 
sane (lel +] [2] - [2] 
n n+l n+3 
+2[7]+| ; |+| ; fs 


Observe that we can equate the two results and get another (not so nice 


as in the previous problem) identity. Finally, we invite the reader to see 
that the following equalities 


Scute= [2] ([3] +1) [254 
ed _ (=1)"(@n+1)-1 


hold, by using techniques similar to the ones above. Also, observe that 
any of these formulae can be proved by induction — we only need to know 
the formula! 


E32. Prove that 
3 ee oi 
rer es aa eae OA n+l 


Solution. For any positive integer m we have (as 7” can be replaced by 
the sum of the first 2 odd positive integers) 


Je 


m 


5 (-1i12 = (- it a ry, 2) — 1) mH (25 = 1) (yet 
1=1 = j=1 


1=J 


7 ( Dee ee 
Sa 
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By using the already known results 


“ ("om el) = L le ee ee Ges 
we So(-1 ) ’ 


_ 


I= j=l 


and, again, the sum of the first m odd positive integers, we get 


~ 4 7 m mim + 1) 
S-(-1) +1;2 a2 (—1) a 


Now the required sum becomes 


as desired (probably the simplest and the most known telescoping sum). 
Note that during the proof we also used the geometric series 


4g (-28+(-1) 


1=S 
for nonnegative integers s < t, a formula that, we are sure, the reader 
will be able to handle by her/himself. 


Moreover, observe that, starting with 


m 


Soy = S° (7-1)? - S- (25)? 


i=1 2j3—l<m 2j3<m 


_ pP(4p°—1) — 24(g+1)(2¢+1) 
3 3 | 
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where p = [(n + 1)/2| and q = [n/2], one can also come up with the 
formula 


epi? = ay pasty = ae | 


Although not in this problem, the formula can be useful in other situa- 
tions, and it surely is interesting by itself. 


B33. If 7r1,72,...,T and ti, to,...,tn are real numbers, prove that 
n nr 
S- So rer i cos(t, — t;) > 0. 
k=1 l=1 


Solution. Let z, = rz(cost, +isint,) for 1<k <n. We have 


0< lato tanl 


= (ry, cost; + --- + Tp cos ty)? Pe CPrsiiGiar ess + ry sintn)” 


n mr 
= $3 Tk COS ) (>: 71 COS a) +(% rh Sin ) (> r, sin | 
k=1 k=1 l=1 


1 Tr 


TET] COS tp COS tj + ) ) rer, sint, sin ft 
1 k=1 l=1 


Me 


MIM: 
egieed 


r~ri(cos ty cos t; + sin ty sin t;) -S> 3 rr, cos(t, — t2), 
1 ka) 11, 


= 
| 
a 
~~ 
| 


as required. 


E34. Prove that 


(v3 + tan 1°) (v3 + tan 2° vee (v3 + tan 29° ) = 279 


Solution. We use the formula 


sin(a + b) 


tana+tanb= 
cos a. cos 6 
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Accordingly we have 


sin(60°+k°) — 2sin(60° + k°) 


3+ tan k° = tan 60° + tan k° = —~——_~ = —~____, 
vanes ae ee cos60°cosk° __ sin(90° — k°) 


Consequently 


29 29 


o\ _ TT 2sin(60° + k°) 
Th iets ) = gave) =? 


because the sines from the numerator are the same as those from the 
denominator, and they all simplify. 


E35. Evaluate 
(1 — cot 1°)(1 — cot 2°)---(1 — cot 44°). 


Solution. We have 


nates. gas sad — sin k® 
sin k° 
/2(cos 45° cos k° — sin 45° sin k°) 
sin k° 
_ V¥2cos(45° + k°) 
~  cos(90° — k°) ’ 


hence 
4A 4A i 


i bec ‘ _ /2.cos(45° + k°) _ 922 
[]@-cotk ) = Leos —1) = Il ~ cos(90° — k°) = (v2) — ) 


because, as in the previous problem, the cosines from the numerator 
cancel with those from the denominator. 


E36. Prove that 


cos 61° cos 62° cos 119° 
Le —_ Pee (ae |e a 
( cos 1° ) ( cos 2° ) ( cos 09° ) 


1. 
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B37. 


Solution. The same idea as in the two preceding problems. Based on 
cos k° — cos(60° + k°) = 2sin 30° sin(30° + k°) = sin(30° + k°), 


we get 
1 (: _ cos(60° + =) - II sin(30° + k°) _ 1 sin(30°+k°) | L 


cos k° cos k° sin(90° — k°) 


as the same sines appear in the numerator and in the denominator. 


Prove that for every integer n > 1, 


oT Ar _ 2° 7 Z 1 
gn _] gn] gn] Qn’ 


Solution. We deal with a more general identity, namely we have 


sin 2” x 


cos 2 cos 2x---cos2”-!z = ——; 
2” sin x 


for any positive integer n and any real number z different from any sz, 
with integer s. Indeed, this is equivalent to 


2” sin x cosxcos2x---cos2” +z = sin2"z, 


and follows by repeatedly applying 2sint cost = sin 2¢ (induction can be 
used, to be more rigorous). We can also provide a proof by telescoping 
the product, as we have already seen in Example 2.31. Now we choose 


eS ae and obtain 
ontly, 
27 An 75 ara Si on 1] 1 
8S on 1 OP on 1] COB On _ 4] = a) = Qn” 
2” sin 
27 — 
because 
sin ant sin oon +2 Sl] i 
= sl WV = s1ln . 
2” —] 2” —] 27 —] 


Although the general identity is true for n > 1, in the particular case 
f= xy the case n = 1 must be handled apart, because it would lead 
to x = 27, and sinz = 0. (Of course, this is very simple.) 
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E38. Let n be a given positive integer and let 


a, = 2008s, K=O: 14-3557... 


Prove that 


Solution. Note that ag = 0, and a, = 2cos = —2 can also be 


2n—N 
defined. Now we have, as desired, 


n—l n—l 
1+ ap44 1+ an 
I | — =|] Sa fh Sas] 
( ax) ( 1l+az ( ) 1l+apo 


k=0 k=0 
—1)-! 
(1) (-1) = 
Indeed, the equality 
I+ ak41 
l-a,=- 
or 1+ az 
is a particular case of 
1+ 2cos2z 
1 —2cosz = ———__—__ 
1+ 2cosz 


which follows immediately from cos 2x = 2cos* x — 1. 


E39. The sequence {In}n>1i is defined by 


2 
Ly = Lk+1 = Li, + Ly. 


9? 
Find the greatest integer less than 


ee 
ry+1l zq+1 £100 +1 
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Solution. The answer is 1. We have 


| 1 1 1 1 1 


— eae és = 
Tk+1 LR(ee+1) wy etl weet+1 Bye Ley 


therefore 
ees oe ee 2 
ty tk + 1 ta, \2k Lk +1 Z1 ©2101 L101 
All the terms of the sequence {%7,}n>1 are clearly positive, hence 
100 
» a ia a — ae 
k=1 


follows. Also, the sequence is strictly increasing and x3 = 21/16 > 1, 
thus £2191 > 1, too. This shows that 


100} 1 
ye qt eee a 
pay ek £101 


and completes the solution. 


E40. Solve the problem left unsolved in the Introduction. Namely, if n is any 
given positive integer and f is defined by 


feyne-[§ 


k=0 


show by telescoping that 


where fl*l is the kth iterate of f (that is, f*"l = fofo---of withk 
appearances of f; we also consider f to be the identity function that 
maps x to x, for every x). 
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Solution. We saw in the Introduction that the numbers n;, = f!*—"(n) 
eventually become equal to 1, hence the sum is actually finite (the cor- 


responding terms in the sum are 0). Considering x = f!*l(n) in the very 
definition of f yields 


f(FE (Mn) = f(r) - ee e ee = fR(n) — f(a), 


Thus, if ns41 = 1 for some s > 0, then 


| fin) | — <A] fAl(n) 
He a a a 


k=0 


as desired. 
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2 Solutions to Medium Problems 


231 


M1. For each positive integer k, let f(k) = 4*+6*+9*. Prove that for all 


nonnegative integers m and n, f(2™) divides f(2") whenever m is less 
than or equal to n. 


Solution. By repeatedly using the identity 
(a? — ab + b*)(a? + ab + b*) = a* +070? + B74, 


we get 
ag GB?” 4B" = (a ar” + yr) 
(a _ Pa if pr) (a"** _ Borel aren! di: pr) -_ 


(a?” = qo be fe b" ) 


whenever m < n are nonnegative integers. This shows that, if a and b 
are integers, and m < n, then 


m+1 m m™m m+1 By He n+l n n n+l 
a’ ab? EOF divides a” +a? 0? +b? . 


In particular, for a = 2 and b = 3 this means that f(2™) divides f(2”), 
as required. 


M2. Evaluate 


1 Oe ee a Ge 10 ee 0107. 


where each three consecutive + signs are followed by two — signs. 
Solution. We have 


(5k — 4)? + (5k — 3)? + (5k — 2)" — (5k — 1)? — (5k)? = 25k? — 80k + 28, 
thus our sum is 
402 


S_((5k — 4)? + (5k — 3)? + (5k — 2)? — (5k — 1)? — (5k)?) 
k=] 
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402 402 402 402 
= (25k? — 80k + 28) = 255k? - 805k +285 01 
k=] k=1 k=l] k=1 
402 - 403 - 80 402-4 
= a5 7 0 + 28 - 402 = 536926141. 


M3. Prove that 


4. beng". G=q" 
1+ 2q+3q7+---+ng"" = 
l-q (1-@)/ 


for every q #1. 


Solution 1. Brute force is our first approach: we multiply the given 
sum by (1 — q)? and just calculate. Thus 


(1 — q)?(1 + 2q +39? +---+nq"") 
= (1—9)(1 + 2g + 39° +--+ +g" — q— 2g — 39° — «+» — ng”) 
=(1-q)(l+q+q°+--:+q""* — nq”) 
= (1-—9)(1— ng") + (l1—a@)(g to? +---+9"*) 


= (1 — q)(1 — ng”) + (q—q”"). 


Now divide in this equality by (1 — q)* in order to obtain the desired 
result. Of course, here and elsewhere, the identity 


(l-g)(l+q+q?+--4+¢°")=1-¢ 


is taken for granted. 


Solution 2. Knowing Abel’s summation leads to this second approach. 
We use the identity 


S_ kay = S (ak +++: + an). 
k=1 


k=1 
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for a, = g*—! and obtain 
hed Yd k = 4 yl-q™ *t 
kg? = mol ae 7 
So ka Sig Tltq4--+q""*)= So q i 
k=1 k=1 k=1 
sz, 3 = k-1 nq 1 — q” nq” 
— ae _ — = 5) —_ _ 
a rer Lg ieg)s dag 
Lange”. G9. 


7 1—q" n 1 — g*-! l-—q 1—q*! 
Sright nia yet Et 9 
n—ng™ n—-1 qtq*t-:-+q™ 
oar eee a 
l-q l-—gq 1-—q 


1 — nq” —q" 
| fe qd — 
l1—q (1-4) 


Basically, we made the same calculations in each of these approaches — 
they differ only formally. 


Solution 3. For the reader with some basic knowledge in calculus, the 
following solution is available, too. We can consider the functions f and 
g defined, for x # 1, by 


i n+l1 
f(a) =1l+at+---+2” and g(xz)= — 


We established that f(x) = g(x) for all real numbers x # 1 (actually, 
even in the case x = 1 the equality remains true if we consider instead 


234 


Ma4. 


Mb. 
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of g(1) the limit of g for x tending to 1). Since f and g are equal, 
and both functions are differentiable, their derivatives must be equal: 
f'(x) = g'(x), that is 


—(n+1)e"(1—2)+1-—2""! 
_ , eae ~~ 
—1l-ne™ «£-2" 

l-2z (1-2)? 


14+2¢+---+nz"' = 


for every x # 1. We used x instead of q in this solution, since it is a more 
common notation for a variable. 


Finally we invite the reader to take a fourth (obvious) way for solving 
this exercise, namely to use induction. 


Evaluate 7 
. wieae 
— kA + ke +1 
Solution. The identity 
(a? —a+1)(a*?+a+1)=a*+e’+1 


comes to our mind (and becomes handy) again. We have 
pe oo eye 
SL Sa Oa Rena 

=3D 1 

2 ~ k2—k+1 ~ — (k+1)2 -—(k+1) 41 

1 

2 


(a ale epee a 
(nt+1)2-—(n+1)+1/ 22(n? +41) 


Evaluate the sum 


1 > 9 92 on 


3413241. 3441 32" 5 1" 
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Solution. As simple as it may seem, it is important to notice that 


9okt+1 


C206 4 ao" ac. 


Consequently 


gk 2k(32"—1) 24/32" 41-2) 2832" 4.1) — 241 
i: Seat aha = sera 
2k(32" as) ok+1 9k gk+1 
Ss ae cs I cae eens 
hence, by telescoping, 


¥ ok 7 90 gn+l 1 
a ae ot eee id ee ee 


M6. Let f, = 27° +1, n =1,2,3,... Prove that 


Lit aniten! 
fi fe fn 3 
for all positive integers n. 
Solution. We have 
ok-1 ok-1 ok 


pak 47 92k 4 g2ktt 


(proceed similarly as in the previous exercise), therefore 


nm gk-1 nm —_ ok wl gn 1 
De Ds a eee | ee 


k=1 k=1 
M7. Let an = 3n+ Vn? —1 and bh = 2(Vn? —n+Vn?4+n), n>1. 
Prove that 


ay — by + Vag — bo + +++ + V/aag — bag = A+ BV2, 
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for some integers A and B. 


Solution. Here the formula 
a’ + b? +c? — 2ab — 2ac + 2bc = (a — b — cc)’ 


comes to help us (of course, if we manage to recognize what a, b, and c 
are). We have 


anya L/P pe Eek 
= 5 (6k +2VK Shoe k? +k) 
= 5 (2vk- Vk — my 


ee 


thus 


7 ake Ji-VE=1- Jest) 


S| 


= (1 + ¥49 — V0) = -5 + 4v2, 


SI 


finishing the proof. 
Observe that, when we calculated ./a; — by, we also used the fact that 


Wk—-Vk—-1—-Vk+1>0. 
One can prove this, for example, by squaring the equivalent form 


Wk>Vvk—-1+Vk4+1, 


or in many other ways (Jensen’s inequality is another possible approach, 
etc.). 


Ms. Let m <n be positive integers. Prove the double inequality 


1 1 1 
Jvn+1- east eee +— 
2 ( VI) m aire n—-1 <n 


< 2(/n-—Vm-1). 
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Solution. We have 


1 
Vk+1—Vk < —= < Vk-Vk-1, 


2Vk 
for k > 1. Indeed 
1 1 
nies ee 
VkE+14+Vk 20k 
2k < Vkt+1t+vke Vk < VE+I, 


and the second inequality can be proved analogously. Alternately, we can 
use Lagrange’s mean value theorem for the function f : [k,k +1] > R, 
f(x) = Va. The derivative of f is 


1 
oe 

thus we get i 

k+1-vVk === 

Vk +1-—Vk 97: 

for some c € (k,k +1). Since c > k we obtain 
1 1 
VJk+1—-Vk=>—= < —=. 
2/c AWk 


Now all we have to do is to add the inequalities 


2 (VET - Vk) <= <2(Vk-Ve=1), 


with & running from m to n, in order to obtain the required inequalities. 
For example, when m = 1, we get 


1 1 


iy, ate ae a 


or 


n= oe BV > 2 (VF Sf 1) SD, 
ki 
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for all n > 1, showing that the sequence (%n)n>1 (for Zp, defined above) 
is bounded from below. Since 


1 
ee (law aie 0 
tae J/n+1 Weta) 


for all n > 1, we see that (p)n>1 is strictly decreasing. Being decreasing 
and bounded from below, (%n)n>1 is convergent, and has a limit between 


—2 and x; = —1. We invite you to prove similarly that (yn)n>1, with 
nr 
1 3 35 
Yn Ss” on 
k=1 Vk 2 


is also convergent, and to find bounds for its (finite) limit. 


Mg. Let 1 
An = 2 — —————.,, n = 1,2, .... 


1 9 
2 4 — 
ne + 4/ n* + ji 
Prove that ,/a, + ,/ag +-+::+./azig 1s an integer. 
Solution. We have 


1 
k? kat 7 
Gy = 2 — ——{—— = 24+ 4k* — 2 2k4 +1 
4 


= (2k? + 2k +1) + (2k? — 2k + 1) — 2y/ (2k? + 2k + 1)(2k2 — 2k + 1) 


= (2K 42k +1 — 2k 2k +1) 


(remember the formula for de-nesting nested radicals!). Therefore 


119 119 
Yo Van = D> (2k? + 2k +1 - 2K? — 2k +1) 
kod k=1 
119 
=> (v2 +1)? = 26 +1) + — /2k? — 2k +1) 
k=1 


= 2-120? —-2-120+1-—1= 168, 
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because 


2.1207 —2-120+1=2-119-120+1=—168-170+1 
= (169 — 1)(169 + 1) + 1 = 1697. 


M10. Prove that there is no positive integer n for which 
Tm 
[[*+%? +1) 
k=1 


1s a perfect square. 


Solution. Again, 
kath? 41 = (k?7+k4+1)(k?—k41) = ((k4+1)?-—(K41)4+1)(k?—k4+1), 


hence 
a T] (4 +2 +1) = T] (+02 (k+ +06 +) 
k=1 k=1 


i 2 
= (n*+n+1) (TI? + +0) 
K=2 


If we assume that, for some positive integer n the product P,, is a square, 
say P, = m7, with m a positive integer, then 


vt+nt+1l= m 


[][(@-#+1 


k=2 


is the square of a rational number. However, n? + n+ 1 is a positive 
integer, so that, if it is the square of a rational number, then it actually 
must be the square of an integer. But this is not possible, since the 
inequalities 

n?<n?+n+1<(n4+1) 
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show that n? +n +1 is strictly between two consecutive squares. 
The contradiction thus obtained finishes our proof. 


M11. Let F,, be the nth Fibonacci number. Prove that 
n 
]] (e-1 + Fox44) = Fon+i. 
k=0 


Solution. We use a well-known Fibonacci numbers identity: 


2 2 
Pom = Fray — fLan_1) m>l. 


We have 
Fe, —F? Fy 
Poth gS a oe 
sone m Pm41 — Fm-1 Fim 

hence 

Tr 

iy Dk Forti -—= 
FE F. = =— a ‘ 
I pk—y + Foeyy) = I Fy. - 3" Fy. gntl 


For a proof of the identity that we used, remember the formula 


1 1 1— 
= ew — B"), witha = _ and B = me 
We also have af = —1, hence 
1 
F2 Ta CR (a i a” aa a!) a 
I / 9 eo 2 2 1 V5 / 9 2 
= 5 (2° (0? aa) +6 (0 — ze) = 35 (0 6m) = Bin 


(observe that a? — 1/a* = V5, and 6? — 1/6? = —V5). 
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M12. Let x be a real number in the interval (—1,1). Evaluate 
(© @) 
[[a au a o?""), 
k=0 
Solution. Our old friend, the identity 
(e401 eto \= 14a? a 


comes to visit us again. We have 


TT at 4 at) = 1 Deg ep PP gh 
k=0 a eee I+a+n2 ° 
therefore 
sai gk gk+1 ‘ Z gk ok+1 
[[G-:2 +a° )= lim | }(1-2* + ) 
n—0o 
k=0 k=0 
1 a pert? ie parte 
~ — lt+e2e4+2r2 
_ 1 
l+x2+ 22’ 
because, for x € (—1,1), we have lim x” = 0. 
N—- Oo 
M13. Let F,, be the n*” Fibonacci number. Evaluate 
ee 
= F-Pt 
Solution. Because Fi, = Fx41 — Fe_1, we have 
i ae Pai 1 1 


FriFevt  FeaFeFeu1  FeiFe  FeFet’ 
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and 
—— ae 
fy ke Pe Pett 
lim : : : 
= fl en pe eee eee 
m0 oe Pe Pet 
1 1 1 
= lim | —— — ——— } = —— = 
M400 (aE En) FF 


For the Lucas numbers L,,, defined by 


[Lo = 2, Ly =1, and Ly = Ln_-1 + Ln-2 


for n > 2 compute in the same way 


k=1 


Solution. Remember that 
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The last step follows from the fact that 


(a) (E23) 

a N= k}/\k-1 
represents the coefficient of z”-! in the development of the product 
(1+2)"(1+2)"-!. However, this product equals (1+ z)*"~1, therefore 


the coefficient of x”! in its development actually is eee? and the 
equality is thus proved. 


This equality, by the way, is nothing but a special case of Vandermonde’s 
identity: for nonnegative integers a, b, and c, we have 


=()@)=C2) 


the sum being over all nonnegative integer values of 7 and k that sum 
to c. (Remember that a binomial coefficient (?) is 0 if p < q.) Prove this 
identity and generalize it to 


> (a) (Ge = (Mr) 
jite-+js=ce jl Js C 
for nonnegative integers a1,...,@s, and c. 


Let n be an odd integer greater than or equal to 5. Prove that 


()-e6) 2G) ere 


is not a prime number. 


Solution. First of all we note another form of the given expression. 
Namely, we have 


(—4)" = (1-—5)" =1- 5(") aa & ee ee ig (") 
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according to the binomial formula, whence 


v= (1) -8(2) +8(2) + ore'() 


(—4)"—-1 441 
— 5 


follows. For the last equality we used the fact that n is odd. Now we 
have 


441241 = (2-278 4.1) (27 42°F 41] 
where both parentheses are (positive) integers for n > 5 odd. Because 
arpa (28-27 +1) (274278 +1) 


is a natural number, one of the factors from the numerator is surely 
divisible by 5. So we have either 


N 


no ttt a 
N= A>" (ar p08 +1) 
or oan 
s n+1 
N= 757 (an 27H +1). 


In whichever case gives integer factors, this is an expression of N as a 
product of two integers greater than 1, showing that N is not a prime. 
We only need to prove that the factors are greater than 1. Indeed, for 
the smallest of them we have 


n+1 n+1 n—l1 


22-2241 22 (22 -1)4+1 , 224-1) +1 
5 7 5 5 


because n > 5. And the proof is now complete. 


=d>1 


M16. Prove that for any positive integer n the number 


2n+1 2n+1 2n+1 
dy = (OPT * joan 4 (APTS \otn-2 ga 4 (ET gn 
0 2 2n 
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is the sum of two consecutive perfect squares. 


Solution. By using the binomial theorem we see that 
n= ; ((2 4 f3)2n+1 4 (2 — va) 
Attempting to express a, aS a sum of two consecutive squares, say 
Qn = 27 +(x +1)’, 


we find (by solving for x) that 
a= —1+//2a, —1 
— 
thus we expect 2a, — 1 to be a square. And this is, indeed, the case: 
1 | 2n+1 2n—-1 
; ((2 + v3) +(2— V3) )-1 
1 
= 5 (+ v3)?(2+ V3)" + (1 — v8)%(2— v8) — 4) 
1 2 
= (; (1 + 73)(2+ V3)" + (1 — V3)(2- v3") | 


20, — 1= 


Z 
So, we have ay, = 27+ (x+1)? for 


—1+ : ((1 + V3)(2+ V3)" + (1— V3)(2 - v3)") 


L = 9 


(the other solution gives, basically the same expression of a, as the sum 
of two consecutive squares). All that remains to prove is that 


b= ; ((1 + /3)(2+ V3)" + (1 — V3)(2 — v3)") 


is always an odd integer (making x an integer). This is not hard to do: 
we have bo = 1, b; = 5, and b,, — 4b,_1 + bn_2 = O for every n > 2. The 
recurrence relation inductively shows that the numbers b, are integers, 
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and also that 6, has the same parity as 6,2, hence any 6, is odd, 
precisely as bp and 6) are. 


We obtained the recurrence relation by using the theory of second order 
linear and homogeneous recurrences. Namely if a # 6 and c,d are any 
numbers, then the sequence with general term z,, = ca” + dG” satisfies 
the recurrence relation pr, + q@n_-1 + TXn—2 = 0, where p,q, and r are 
such that the equation px? + gz + r = 0 has precisely the roots a and 
G. This is actually also true for a = £, but the converse (that is, the 
fact that any sequence (z,,) that satisfies the recurrence has general term 
Ln = ca” + dB" for some constants c and d) needs the condition a # £. 
Try to prove these facts, then apply them to the sequence (b,) (with 
a=2+/3 and B=2- V3). 


a 
Let n be a positive integer and a be a real number, such that — is an 
T 
irrational number. Evaluate 


1 1 1 
cosa —cos3a | cosa—cos5a —s cosa — cos(2n + 1)a’ 


Solution. If we use a sum-to-product formula we see that the sum to 
evaluate actually is 


1 ] 1 
I a i se 
"~ 2sin asin 2a zi 2 sin 2a sin 3a ——y 2sin nasin(n + l)a 


and it seems not so easy to find a telescope for it. So, we try some small 
values for n and, after a few trigonometric manipulations, we obtain 


sina + sin 3a 
So 


2sin asin 2a sin 3a 


and 
_ sina + sin 3a + sin 5a 


S3 = 


2 sin asin 3a sin 4a 
suggesting the formula 
a sina +sin3a+---+sin(2n —1)a 


2sinasinnasin(n + l)a 
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for n > 1. (Notice that the same formula works for n = 1, too.) Now, it 
is natural to try induction. The inductive step would require us to prove 
the equality 


n+1 
sin(n+2)a ( sin(2k — 1) a) tn anna na S_ sin(2j —l)a 
j=l 


We invite the reader to do this checking! You will probably discover that 
you need a closed form formula for the sum from the numerator in the 
expression found for S, — and we need it anyway, otherwise we cannot 
say that we solved the problem. For the sum from the numerator, 


Tn = sina + sin3a+---+sin(2n — 1)a, 


we proceed as we already did several times in such exercises, namely we 
multiply by 2 sina: 


2T, sina = 2sin* a + 2sinasin3a+4+---+2sinasin(2n —1)a 
= 1 — cos 2a + cos 2a — cos 4a + --- + cos(2n — 2)a — cos 2na 


= 1 — cos2na = 2sin? 2na, 


so that 


sin? na 


n— 


sina 
(Or just use the identity from the end of the solution of Example 2. 25, 
if you proved it.) Thus the closed form that we are looking for would be 


sin na 
2sin? asin(n + 1)a 


And now we can solve the problem, inductively or by telescoping; we 
choose telescoping. Based on all the above observations we calculate 


sin ka sin(k—1)a _ sin*ka—sin(k — 1)asin(k + 1)a 
2sinzasin(k+1)a 2sin?asinka © 2sin? asin kasin(k + 1)a 
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_ sin? ka — (sin? ka — sin*a) _ 1 
- Qsin?asinkasin(k+1)a  2sinkasin(k+1)a 


(we used the formula sin(x — y) sin(x + y) = sin? x — sin’ y). 
Thus we have 


7" Tm 
1 1 
Sn =) ———_, —- =) = 
: < cosa — cos(2k + 1)a 2. Sainkasin(k + Da 


sin ka sin(k — l)a 
=> (sa asin(k + 1)a ~ ee | 
7 sin na 
~ Qsin? asin(n + 1)a’ 


and the claimed formula is proved. 


Prove that 


1 1 1 1 
sin 45°sin46° ’ sin47°sin4d8° | sin133°sin134° sinl° 


Solution. We write the equality in the equivalent form 


sin 1° de sin 1° Sess ch sin 1° adi 
sin45°sin46° sin 47° sin 48° sin 133°sin134° 
and use the identity 
ae) = cota — cot Bb. 
sin asin b 
Accordingly, we have 
sin 1° sin 1° 
x = cot 45° — cot 46°, —-———— = cot 47° — cot 48° 
aeondee ee aan ige oe eee 
and so on, until 
sin 1° 


ey 1999 eon 190s. 
‘aie 
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Now add side by side all these equalities and use 
cot(180° — x) + cotz =0 


repeatedly. ‘Thus we have 


cot 47° + cot 133° = cot 49° + cot 131° = --- = cot 89° + cot 91° = 0 
and 
cot 46° + cot 134° = cot 48° + cot 132° = --- = cot 88° + cot 92° = 0. 


Also, cot 90° = 0. Therefore we get 
sin 1° i sin 1° ee: sin 1° 
sin 45° sin 46° ~— sin 47° sin 48° sin 133° sin 134° 
= cot 45° + cot 47° + --- + cot 133° — (cot 46° + cot 48° + --- + cot 134°) 
= ¢ot 45° = 1. 


and we are done. 

a S 
Prove that for every positive integer n and for every real number x # oa 
(t = 0,1,2,...,n,s an integer), 


x 4 
Ss ie ys = cot x — cot Oe. 
sin 2° x 
al 
Solution. We have 
nm if) 


1 
» ee S- (cot gk-la — cot 2a) = cot x — cot 2”z, 


sin2ka 
k=1 k=1 


by using the formula 


—— = cott — cot 2¢. 
sin 2t 
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Indeed, 
1 2cos?t — (cos*t—sin?t) 2cos?t  cos2t 
: Se Se a = cot t — cot 2t. 
sin 2t sin 2¢ sin 2t sin 2¢ 


As a final remark, note that if one relies on the similar formula 
tant = cot t — 2cot 2t 


then one can derive the identity 


n 
oe Dk-l tan 2'-1t — cot t — 2” cot 2"t. 
k=1 


We invite the reader to prove these results. 
M20. Show that 


sing  sin2z sin nx ‘ cos(n + 1)a 
oe — CO 6 & —s 
cosx£ cos?z cos” x sin x cos” x’ 


for allz 5 where s is an integer. 


Solution. As in the previous problem, we can guess the telescoping 
formula from the final result (because it is given). Namely we have 


sin kx cos ka cos(k + 1)z 


coskx  sinxcos*-!z = sinxzcos* x’ 
and, consequently, 


3 sin kx . ( cos ka cos(k + = | _ cosz cos(n + 1)z 


: cos* x = sinxcos*-!z¢  sinxcos* x sinzx sinxcos” x 


Prove the formula that we used! 


(Its proof is just based on cos(a + b) = cosacosb—sinasinb, for a = kx 
and b = x). Of course, an inductive demonstration is available, too — 
but it is mainly the same as the telescoping one. 
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Qkr Qkr 
= —_—_— +i4sin ——, k=0,1.,...,2 
Zk Soni one 0,1, , on 


are the (2n + 1)th roots of unity, that is, they are the solutions of the 
equation 22"+! = 1. 


By Vieta’s formulae, we have their sum zg + 21 +---+ Zon = 0, meaning 
that 
ae oe 20 I, 


(because z = 1). Also, it is not hard to notice that 


z = gntk —_ 1 _ 1 
ntk ~ “7 grlak ~ pay 
: = 


for k = 1,2,...,n. (We used de Moivre’s formula and the fact that 
gt = 1.) Thus, 2n41,.--, Zan are the inverses of z,,..., 21 respectively, 
and we can rewrite the above equality as 


1 1 
Zito tet—te-t+— =- 1, 
n “1 
or 
1 a 1 Bact 1 eS 1 1 
nee vA —— Sate — vA — = —-, 
2 : 21 2 : Z1 2 
Since 
Zk + a 2 cos zi 
ee n+ 
fork = 1,...,n, we see that the previous equality is precisely the desired 


result. 


252 Chapter 9. Solutions 


Telegram.me:@math_books 


Solution 2. (As the careful reader may have already observed), we can 
return to the identity 


_ (Qn4+1)z 
1 sin 7 
~+cosxz+cos2%+---+cosnz = 7 
2 2sin = 
2 
2 ; ; 
and replace here xz = ie We get 0 on the right-hand side, therefore 


the problem is solved. 


M22. Let € 41 be a complex number with C72 = 1. Evaluate 


22 1 
DS ees aas 
rare +¢ 
Solution. Let 
—1+ivV3 ee 
a a 


be the two roots of unity of order 3 which are different from 1. We have 
l+z4+27 =(a—2z)(B —z) 


for every complex number z, hence 


22 22 
yore Deas 
k4 72k — — ¢k\(B — Ck 
Lut EOE OR 2a (a HBO) 
ul 3 ( 1 1 
Boal\a- B=) 
On the other hand, for any complex polynomial P having the roots 
Z1,-.--,2Zn (not necessarily distinct), we have 
Piz) 1 1 


Plz) 2-2. 2 — 2p’ 
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for every complex number z not equal to any of 21,...,2Z,. In our case, 

for the polynomial P = z?3 — 1 the roots are ¢*, with k = 0,1,..., 22. 


M23. 


(Because 23 is a prime, any 23th root of unity different from 1 is a 
primitive root, that is, its integer powers generate all the 23th roots of 


unity.) Thus the above equality reads (for P(z) = z*° — 1) 


1 PQ). 9377+ k 
2 og ee 
=0 


k=0 k=0 
1 230° 238? 
~— B-a\a%—-1 B81)" 
Because a? = 68 = 1,a+ 6 = —1, and af = 1, we can calculate 
Per: 22 ‘4 B 


a —1 B81 oF—-1 B2-1 
(p= OOP 1) 
(aB)? — (a+ 6B)? +206 +1 


2 
= 3 (6 = a), 


and thus the final result that we are looking for is 
S 1 46 
yak 4 (2k 32° 
= ae Saas ae 3 


Prove that 


elt fer] tere fet 


n—1 


|= le], 


n 


for allx € R and any positive integer n. 
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We give two approaches for proving this beautiful identity of Hermite. 
They both need the property |t+p| = |t| +p for t € R and p € Z, and, 
of course, the definition of the integer part: for any real number ft, the 
integer part of t, denoted |t| is the greatest integer not greater than the 
number; so, we have |t| € Z, and [t] <t < |t| +1. 


Solution 1. We will also use in this first solution the fact that a < b 
implies |a| < |b|. Thus, because 


1 n—l 
Zoer+—<--- SS 44+—<e4], 
n n 
we have 
1 —] 
e]< [e+ se-< [et *) < [ety 


too. Since every number |x7+2/n| (0 < i < n—1) is an integer the above 


inequalities show that there must exist a number j € {0,1,...,n —1} 
such that 
1 Y 
n n 
and F 
+ n 
+) - =|2+ |x| +1 


implying that 


|x| + a+ =| + a+ =| dirs jeceis 2+ =| 
=(j+1)|e¢| + (n-j —1)(\2z|] +1) =n|e] 4+ n-j-1. 


On the other hand, the above expressions of the integral parts are like 
that if and only if 


1 
pee tc |el+isae+ 


which means that 


niz|tn—-j-l<na<nlial+n—j. 
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But these inequalities show that 
lnz| =nl|a|+n—j-1, 


therefore we obtained the same value for both sides of the identity, fin- 
ishing the proof. 
Solution 2. Let us consider the function 


n— 


1 2 1 
f(a) = le] + fet 2] + [ore] tee [or | = lna], 
Clearly, Hermite’s identity is equivalent to f(x) = 0 for all real numbers 
xz. We observe that 


t(e+=) = +o aE 2+ =| a era 2+" | 
+ |x+1|—-—|nz+1| = f(z) 


because 
le+ti1}=|2}+1 and [nx+1] = [nz] +1. 


That is, f is periodic with 1/n as a period. Thus it suffices to prove 
f(x) = 0 (and the identity) for x € [0,1/n). But for such z all the integral 
parts involved in the definition of f are 0 (alla+i/n forl1<i<n-1 
and also nx are between 0 and 1) hence f(z) = 0 obviously follows — 
and it follows for all x € R, finishing the proof. 


Prove that for every positive integer n 


Solution. The sum is not an infinite sum, because, at some moment 
the integral parts become 0; more precisely, we have 


n + 2k 


SE eee 
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hence the terms are 0 for k > loggn. We use Hermite’s identity in the 
form 


e+5 = [20] — [2]. 


Accordingly, 
[82] = So [ste+ 3-2 (Rl-La)) -t=s 
k>0 k>0 k>0 


(Hermite’s identity allows telescoping for this sum). 


Evaluate 


E + | 

° 3 
0<i<j<n J 
where x is a real number. 


Solution. We have 


0<i<j<n | 
where, for each inner sum we used Hermite’s identity. 


Let x, y, and z be integers such that zy + xz + yz = 0. Prove that 
(x+yt+2z)* divides 2° + y? + 2°. 


Solution. We have the identity 
(at+y+z)—(2°+y?+2°) = 5(a+y)(@+2z)(yt2)(2*+y?+2*+a2y+a02+y2) 


proved in problem E28 in the previous section. By ry+2z+ yz = 0 we 
get 
(x+y)(@ + z)(y +z) = —ayz 


and 
ety +22 t+aoytaztyz=(e+yt+z), 
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therefore the identity becomes 
(e+y+z)? —(a2® +y? + 2°) = —S5ay2(x2 + yt 2). 
Consequently 
Pt+yt+2=(e¢+ytz)? + 5ay2(2 +y+z) 


is divisible by (x + y + z)*, as required. 
Note that such (nontrivial) integers do exist. For instance, we can con- 
sider c = 12, y= 4, and z = —3 for which zy + rz + yz = 0 and 

2 +y° + 2° = 249613 = 13? - 1477 


is divisible by 137 = (x + y + z)”. 


Actually there are infinitely many triples of integers with the given prop- 
erty. For example, take x = a(a +b), y = b(a +b) and z = —ab (with 
integer a and b), and we have the desired equation ry + rz + yz = 0 
fulfilled. With some little effort you can find all such triples of integers. 


Let p be an odd prime. Prove that 


ag ee pt+1 


D 2 


(mod p). 
k=1 


Solution. Note that, by Fermat’s little theorem, each (k? — k)/p is a 
natural number. We have, by the binomial formula, 


ait 
(k —p)? = kP — pkP-hy + PP = gps 2_...= kP (mod p’) 


(all missing terms are clearly divisible by p”), hence 


kP + (p—k)? =0 (mod p*) 
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for every k € {0,1,...,9—1} (and for every other integer k, but we are 
only interested in these values). Thus 


Sv i Eee) i Geren) 


1 Far + @- k)?)=0 (mod p?) 
k=1 


ae 


on 


(for odd p dividing by 2 doesn’t influence the congruence). 


Consequently, 


p—-l 


= — p(p — 1) 2 
OD la Shea a <—* (mod p”), 


therefore 


= = 
sia =P - (mod p) 
1 


k= 


and the conclusion follows because, evidently, 


p—-1l p+l 
a ee (mod p). 


2 
Prove that for each positive integer n > 2 the following inequality holds 
a(n)g(n) < n°, 


where $(n) is the number of integers that are less than n and are rela- 
tively prime with n, and o(n) is the sum of the positive divisors of n. 


Solution. The arithmetic functions o and @ are multiplicative, that is 


a(zy)=o(z)o(y) and ¢(xry) = o(z)d(y) 


for any relatively prime positive integers x and y. 
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Therefore, if n = p{'---p% is the factorization of n (with primes 


P1,---,Ps and positive integers a1,...,as;), we have 
o(n)(n) = o(pt?)b(pt?) «+o (pS) b($*) < (ptt)? «+ - (pee)? = n°, 


provided we proved the inequality for n of the form p*, with prime p and 
a a positive integer. This is not hard, namely we have 


a(p")b(p*) = (1+ ptp? +--+» +p*)p*"(p— 1) 
= (pt? — 1p? < ptt ip?* = (p*)’, 


and thus our proof is complete. 


M29. Let m and n be positive integers with m even and at least equal to 4. 


Prove that ie 
S(—4)'nitir*) 
k=0 
is not a prime number. 
Solution. We have 
5 7(-4)knslnh ed 
a n4+4 


by using the formula 
qgmtl = pmrrl 


kpm—k __ 
> ab =. a—b (a # b) 
k=0 


and the fact that m is even. Now, another formula, namely 
a* + 4b* = (a? — 2ab + 2b*)(a? + 2ab + 207) 
shows that the numerator of the final expression of our sum factors as 


na(m+1) 4 qm+1 — (ert) te AQ 12 Ne 


= (n2m+2 _— gm/2+1,m+1 aie Dent (gener? ae gm/2+1,m+1 ati ey, 
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If we prove that both these factors are greater than the denominator, we 
are done (since if pq/r is an integer for positive integers p, q, and r, and 
p>r,q>-r, then after cancellations pq/r surely remains a product of 
two integers greater than 1). Of course, it suffices to show that 


nemrt2 = gm/2+1,m+1 ai gmtl > n4 ae 4. 


This follows, for n > 2, by adding 
n2mrt2 _ gm/2+1,m+1 = gegen - i a S nmti S n* 
with 2™+! 5 4 while for n = 1 it reduces to 2™ — 2/2 > 2. hence to 
DAS). 
Note that for m = 2 the above inequality becomes 
n® —n* —4n? +4>06 (n—1)(n? + n* — 4n? — 4n—4) >0 


and it still holds for n > 1. So, the given sum is not a prime for m > 2 
even and any positive integer n with the only exception of m = 2 and 
nm = 1 when the sum equals 13. 
Let p be a prime such that p= 1 (mod 3) and let q = |2p/3|. If 

1 1 1 m 


ro on. Go oe 


for some integers m and n, prove that p | m. 

Solution. Suppose p = 3s+1, with s a positive integer. Then 
q = |2p/3]| = |2s + 2/3] = 2s, 

and the sum from the statement of the problem actually is 


De ga it ak 1 oe ee ee 1 
Led” Bed (Q2s—-1)2s 2 3 4 2s—1 2s 
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28 
So, we have to prove that if we write the sum Ss — as an ordinary 


k=s+1 


fraction, then the numerator of this fraction is divisible by p. But we 
have 
2s 28 28 2s 28 
1 1 1 1 1 1 1 
 En3( > t+ d)-G( > e+ > ay 
k=s+1 k=s+1 k=s+1 k=s+1 k=s+1 
dk eS ex 1 p> 3s+1 
4 k 3s+1-k 24 _ &(3s + 1—k) 
1 28 p 
7 a, k(3s + 1 — k) 


Thus we have written the sum as another sum in which the numerator 
of each term is p, and the factors from the denominators are strictly less 
than p (including the factor 2). This means that none of these fractions 
can be simplified by p, therefore the factor p remains after addition 
is performed, and cannot be simplified, hence the final numerator is 
divisible by p, as we intended to prove. 


For example, when p = 13 we have q = 8 (s = 4), and the sum from the 
statement of the problem is 


1 1 


ee ee ee ee eee 
1:2 3-4 5-6 7-8 2 3 4 5 6 7 8 
ee a 
=o Ge 
3 


il ae fae 
~~ 215-8 6-7 7-6 8-5) 
For the sake of completeness we prove the middle equality (but we proved 
it before in Example 4.6 — and we suppose that the careful reader already 
did it again), that is, in the general case, 
1 1 1 1 1 1 1 1 


Vie ee es eet SE ge ener epee eNES aren Fes RO 
273 at © p24 2s s+l ae as 3s 
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Indeed we have 


1 te : : aa eee Peg + : ee 
2 3 4 2s—1 2s 2° Oo. A 2s—1 2s 
2 pee ae eo eee eae + : : 

2 4 2s) 2 3 4 29s—1 2s 
pee ae = ; : dae 
2 Ss st+l1l s+2 2s 


M31. Prove that for different choices of the signs + and — the expression 
+1+2+-.-+(4n+1) 


ytelds all odd positive integers less than or equal to (2n+1)(4n + 1). 


Solution. This is clearly true for n = 0, so we will assume it true for 
n — 1 and prove that it also holds for n. Thus, the induction hypothesis 
says that the sums 

+14+2+---+(4n- 3) 


produce (for various choices of the + signs) all the odd positive integers 
at most equal to (2n — 1)(4n — 3). Therefore, these numbers can be also 
achieved as sums of the form 


+142+---+(4n—3) + (4n — 2) — (4n—1) —4n4 (4n 41) 


as required. 
In what concerns the other odd positive integer until (2n + 1)(4n + 1), 
we first note that 


14+24---+(4n4+1) = (2n+4+ 1)(4n +1). 


We can subtract 27 (with 1 < 7 < 4n+1) from this sum and get a 
representation of (2n + 1)(4n + 1) — 27, namely 


(2n+1)(4n4+1)—-27 =14+24+---+(9-1)-j4+QU41)4+---+(4n+1). 
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M32. 


We have thus represented all the odd numbers (in decreasing order) from 
(2n + 1)(4n + 1) until 


(2n + 1)(4n + 1) — 2(4n + 1) = (Qn —1)(4n +1). 
Now, by the same idea, we subtract from 
14+2+---+4n-—- (4n4+ 1) = (2n-1)(4n +1) 


all the numbers 2k with 1 < k < 4n, and get representations for all the 
odd numbers 


(2n — 1)(4n+1) — 2k, k =1,2,...,4n. 
Thus we have representations for all the odd positive integers from 
(2n+1)(4n+1) until (2n—1)(4n4 1) — 8n = 8n? -10n—1. 


On the other hand, as we have seen in the beginning, all odd positive 
integers from 1 to (2n — 1)(4n — 3) = 8n? — 10n +3 also do have repre- 
sentations. As 8n? — 10n + 3 > 8n? — 10n — 1 the problem is solved. 


Let n be a positive integer. Prove that all binomial coefficients Ga with 
0<k<n are odd if and only ifn = 2™ —1 for some nonnegative integer 
mM. 

Solution 1. By Lucas’s theorem, a binomial coefficient t) is divisible 
by a prime p if and only if there exists 0 < 2 < s such that n; < kj, 
where n = nj +nipt+-:--+nsp*® andk=ko+kip+---+ksp* are the 
base p representations of n and k, respectively. It follows that precisely 


(no +1)(ny +1)--- (ns +1) 


of these coefficients (namely those for which k; < n,; for every 0 <i < s) 
are not divisible by p (and, consequently. 


n+1—(no4+1)(n1 +1)--- (ns +1) 


are divisible by p). 
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Thus the given condition that all binomial coefficients ({') are odd can 


be restated as saying that 
(no + 1)(n1 +:1)--- (ng +1) =n +1, 


where n = n9 +7N12+---+7n,2° is the representation of n in base 2, with 
n; € {0,1} for all0 <i<-s. This is clearly true if 


n=2™—-1=142+...42™1 


has all its base 2 digits equal to 1. 


Conversely, assume that the equality 
(no +1)(n, +.1)--- (ns +1) =n4+1, 


holds for n = no + n12+---+ 7,525. Since each n; is either 0 or 1, this 
clearly gives n + 1 = 2” with m being the number of those n,; that are 
equal to 1; that is, we get n = 2” — 1, as desired. 

Note that, ifn, 4 0 we have 2° < n < 28+, or 28-1 < 2™-1 < 28t+1_-1, 
hence we must actually have m= s+ 1. 


For primes p other than 2, a similar argument works. If 2 < a < p, then 
n= ap™ —1=(p—1)+ (p—1)p+--++ (p—1)p™* + (a— 1p”, 
the equality 
(no +1)(n1 +:1)--+ (Mm-1 +:1)(nm +1) = n4+1 


holds. Conversely, these are the only cases where equality holds. 


Solution 2. Actually, a shorter solution can be given. It is clear, by 
Lucas’s theorem, that for n = 2™ — 1 all binomial coefficients are odd. 
On the other hand, if n is not of this form, than its base 2 representation 
n=ntn2+---+7n5,2° must contain a zero digit n; with 0 <2< s. 
Again by Lucas’s theorem, we see that the binomial coefficient jG) is 
even. Nevertheless, the first solution provides more information about 
the binomial coefficients modulo 2 (or modulo a prime p, in general). 
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M33. For each positive integer n define 


— (n+1)(n+2)--+ (m+ 2010) 
7 2010! 


Prove that there are infinitely many n such that an is an integer with no 
prime factors less than 2010. 


Solution 1. Note that a, is an integer because it is a binomial coeffi- 


cient: 
— (nt 2010 
“7 =\ 9010 


The numbers nm = (2010!)*m, with positive integer m will do the job. 
Indeed, we have 


(Mm +1) (rm + 2) +++ (Mm + 2010) = 2010! (mod (2010!)?) 
yielding that 


(Tem +1)(tem +2) +++ (1m +2010) 


aniol =1 (mod 2010)). 


In particular, this congruence holds for any prime p < 2010, showing 
that the number 


2010! 


cannot be divisible by p (as being of the form kp+1). In place of the 
numbers ny, we can also take numbers of the form P?m, where P is the 
product of the primes less than 2010. 


Solution 2. We will use again the theorem of Lucas. We consider the 
product P of all the primes less than 2010, and numbers of the form 
nk = P*, with k > 11. For any prime p less than 2010 (therefore a factor 
of P) the base p representation of 2010 has at most 11 digits, say 


2010, = digdg...dido. 


266 Chapter 9. Solutions 


Telegram.me:@math_books 


On the other hand, because nx is divisible by p'', it has all its last (at 
least) 11 digits in base p equal to 0, say 


(Nk) p = d,...dy] 0...0. 
11 digits 


Thus, 
(nk + 2010), = ds ee d3idi0 rarer do, 


and by Lucas’s theorem 


(amn0) = (0) (7a) (ae) (Q) #2 mod 


and we finish the proof as in the first solution. 


M34. The numbers a1, a2,...,@n > 0 and b} > bg >--- > bn > O satisfy 
a1 > bi, ay + a2 > b, + bg,..., 


Qa, +aot:--+ta, > 6, +bo+---+ Dp. 


Prove that for every positive integer j, 
ai t+ayt--+ah > +bh+---+04. 
Solution 1. We use induction on 7 to show that 
aj+ay+---tah >be +bh+---+0h 


for each positive integer 7. This is clear for 7 = 1, so we assume it to 
be true for some 7, and prove it for 7 +1. Note that, for anyl<k<n 
the numbers aj, da2,...,a% satisfy the same conditions as a1, a2,...,@n, 
therefore the inductive assumption applies to them, too. Consequently 
we also now that 


aj tah+---+ah> +i +-- +f 
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for every k € {1,2,...,n}. Now, by Abel’s summation formula (twice) 
and the hypotheses (including the induction hypothesis), we have 


aby + ahbe +--+ +ahdn 
= (by — be)aj + (bo — bs) (a +03) +--+ + (bp_1 — bn) (a) +03 +---+a_,) 
+bn(aj +a, +-+-+a}) 
> (by — be)b! + (by — bg) (0) + 0B) +--+ (Ona — bn) (Bi +B +--+ +07 _,) 
bn (bj + bh +--+ 0h) = oft 4 ot... 4 oft, 


We also use the inequality between the arithmetic and geometric means 
to infer | | | 
jat +0 > G+ lal by 


for every 1 < k < n. Adding all these inequalities and using the above 
yield 


* ait 4S yt! > +) oth >G+D> 4" 
k=1 k=1 k=1 


thus 


follows, finishing the proof. 


Solution 2. Note that we may assume without loss of generality that 
aj 2a22°°:2a,>0. 


Consider the numbers 
Ly=ap—b, and Ye = a * + a “bp tes bagb * +047 
for k = 1,2,...,n. By the hypotheses we have 


ty t+ag+---+2~>0 
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for all 1 <k <n and also 


Yi > y2 2° [Yn > O. 


Also, a} — b) = zpy, holds for every 1 < k < n. Thus, by using Abel’s 
summation formula and all the above observations, we have 


n 0) Tm 


Soak — So bh = So aaye = 21(yn — yo) + (21 + 22) (yi — ye) 


k=1 k=1 k=1 
feee + (ty +20 +--++ 2n-1)(Yn-1 — Yn) 
+ (21 +2%29+-+++2n)yn = 0 


and the conclusion follows for every 7 > 1. 


Evaluate 


Solution. Remember that, for any x € R, we have 


(©, @) 

Oe . 
joe 
m! 

m=0 


the well-known formula that defines the exponential, in which the abso- 
lute convergence of the series is also well-known. Thus, in particular, 
— 1 

a 

m=0 — 
where the series is absolutely convergent. Consequently, for the series 
from our problem the (absolute) convergence is clear, too, and reversing 
the order of summation is allowed. And we have 


CO CO CO 1 
“Si 5 r da >» 1=) 7! 
k=1 =e k=1 I>k = " 1<k<l l=1 
a | =. a 
aaa - 
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(Basically, the above line says that in the double sum every term 1/1! 
appears precisely / times.) 


M36. Evaluate 


Solution. First note that we have 


OO 


! mn = ’ 
— (s+t)! s-1 


for any positive integer s > 2. Indeed, 


CO 


sit! = 1 
Hera Lares )-+-(t+s) 


1 1 
oat LETTE teas Tae, 
ee 
~ s—is! 8-1’ 


Now, for the problem, we have 


a | 
arora (aa eae yp ea Phd) 
a 
OO 
1 1 
-E (ah) 
é 1 a+] 
4=1 


according to the above result, and to the well-known result about the 
most ubiquitous telescopic sum, namely 
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Note that the formula proved in the beginning can also be expressed as 


Sot 
rar s+t s—1l 
Ss 


and that the sum can also be telescoped in the form 


3 Lo. 3 1 | 
= s+ft s—l— s+t—-l | s+t 
8 s—l s—l 

_ 8 1 _ 1 

ete ee ee | 

s—1l1 
M37. Prove the inequality 
= (k+1)Vk 


We met this before as Example 1.22 (although there the inequality was 
stated for the partial sum of the series, basically we have the same prob- 
lem) and now we come with two more solutions. 


Solution 1. We have 


oe) 1 and q+1 1 
a a Lorna <2 / @+)Ve 
=| ap yett = 2aretan val” = F, 
therefore 
= 1 1 1 1 = 1 
So ES tet ee td 
mai (k+ IVE 2 38V2 4V3 fj (K+1)Vk 
oe eee oe 
2 3/2 4V3~ 3 
0.54+044+1.1=2, 
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as required, because 


1 1 1 1 in 
Se a ed (Sd 
3/0 4/3 3-14 4-17 42-68 ers ) 


and 7/3 < 1.1. 


oO oe) 
It is not unusual to compare S- f(k) to / f(x)dx (actually, it is a 
k=1 ; 
standard procedure). For example, if the function f : (0,co) > R is 
decreasing (as is f(z) = 1/((z + 1)./z) in our example), by the mean- 
value theorem for the Riemann integral (or just by the monotonicity of 
the integral) we have 


j+l 
FG+I)< [|  flajde< f(9), 9 21, 
J 
thus 


[tear < Ls < [fleas 


follows by summation for 7 running from n to oo. For instance, the 
convergence of the generalized p—series, with p > 1 can be proved like 


this: 
— 1 oe 1 
> 7a — pat = ——_ < © 
wao J 1 & p 
On the other hand, if p < 1, 
OO 
1 iene | 
yds [sa 
rare a ores 


and the divergence of the integral leads to the divergence of the p—series, 
too (consider the cases p = 1 and p < 1 separately to compute the 
integral — which is oo in either case). 
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Solution 2. This is the simplest of all proofs. Since 


2 2 2 
Ve Ve+1) VkVe+(VE+VE+1) 
2 
° Vee + A(Vk+1+ Ve +1) 
1 
(b+ AVR 


we have 


= 1 = (2 2 
y were < (e- vest) =? 
k+1)vk St \Vk OVE+1 
Remember the identity from the Example 3.5 and use it to prove that 
7.2 — 
aa k; 6 
Solution. ‘This is the celebrated Basel problem, solved by Euler at the 


age of 28. We have already seen in Example 3.5 that, for a positive 
integer n, the numbers 


kr 


42 
2n+ 1? 


el ee 2) 
are precisely the roots of the equation 


2n+ 1 2n+ 1 4 2n+ 1 
Th m™ ioe — |) — (). 
Oh lO eee) 


(Remember that this comes from the formula — obtained from de 
Moivre’s formula, and the binomial development — for the sine of a mul- 
tiple of an angle. Namely, we have 


m m 
sin mt = (7) cos” tsint — a cos” * fein? t fe: 
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thus, for sint + 0, 


sin mt m 
ary = (") coy t= a Cot Ff vets, 


Just put here m = 2n+ 1 odd, and t = ka/(2n +1) in order to see that 
the n distinct numbers cot(ka/(2n+1)), k =1,2,...,n are the roots of 
the above equation.) 


Thus, their sum is 


(*" + ‘) 
5 oot? kn 3 _ n(2n — 1) 
2n+ 1 2n+1 3 
k=1 
1 
Also, we have 
nr nm 
1 k 2n—1 2 2 
SS ia a ee) 
_9 kr 2n+1 3 3 
k=1 sin k=1 
2n + 1 
Now, the well-known inequalities sinz < x < tanz imply 
cot? x < = < se 
zr ~ sin? x 


for all x € (0,7/2). Putting all these together yields 


or 


for every positive integer n. All that remains to do is passing to the limit 
for n tending to infinity, and use the squeeze theorem after noting that 
both extreme sides tend to the same limit, 1/6. 
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Alternatively, we can use the formula 
nr 
(2k — 1)r 
cot? + = n(2n - 1 
> re (2n — 1) 


(how can it be obtained?) and the same inequalities as before in order 


to get 
2 n 2 
nm In-—1 1 T 
te < < —_e- 
8 2n d (2k — 1)? 8 
Passing to the limit yields 
O° ey. 
Lao Fr 


ar 


Basically these is the same as the Basel problem’s formula, because 


» p2 Se ag =) EE _ A ys 2” 
k=1 k k=1 (2k — 1) at aa OF 1) "7 k=1 
hence 


ee oe 
(2k—1)? 44 k2° 
k=1 k=1 

We invite the reader to follow carefully this path, too. 
M39. Evaluate 


7 1 
) pepe 


ee, 
OP we rors. 
k=1 


Solution. (a) As we know, we have 


1)\2 
4284-4 KS = (FEED) 
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hence 


n 


1 Lay ee 
Sao = 1D ce hake 
are ake ee 


so that 


k=1 


1 1 2 
=4'" e+ gap Ea) 


_ 1 — 1 1 
Spee Pg (wei * ( 
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me (_1)k __4\n+1 
| ; 7 - +e ' 


k=1 
By passing to the limit, we get 


ae), | 
Lie. ee 
k=1 


if we use the well-known result 


ya -n2ey ae = —]n2. 


k=1 k=1 


We saw this at the start of Chapter 6, by recognizing a generating func- 
tion. Here is a sketch of another possible proof. We have 


ee ae 1)k- fa k-ldp — S( Capit tas 


hI k=1 0 p=1 


— (_»)\n 1/(_,».\n 
-f CN en [ : dx [ i) dx 
0 1l+2z 0 1+2z 0 1+2 


We let the reader show that the last integral has limit 0 for n tending 
to infinity (just notice that its absolute value is bounded from above by 
1 


x" dx, which tends to 0), and thus prove the claimed result. 
0 


Let T be the set of all triples (a,b,c) of positive integers such that a, b,c 
are the lengths of the sides of some triangle. Evaluate 


. = 
bre’ 
(a,b,c)ET 3°9 


Solution. It is well-known that a, 6, and c are the sides of a triangle if 
and only if there exist positive k, 1, and m such that 


[+m k+m k+l 
and c = ——. 
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In fact we have 
k=b+c-—a, l=a+c-—b, andm=a+b-c, 


so that, if we need a,b,c to be positive integers, k,!,m must also be 
positive integers, and they must have the same parity. Consequently we 
have either k = 2p — 1,1 = 2qg—1, and m = 2r —1 (thusa=q+r-1l, 
b=p+r-—1,andc=p+q-1), or k = 2p, | = 2q, and m = 2r (hence 
a=qtr,b=p+r, and c= p+4q), in both cases with positive integers 
p, g, and r. Accordingly, we have 


9a 9qtr—1 9qatr 
3 355¢ 7 Zs 3p+r—15pt+q-1 + » 3p+r 5p+q 
(a,b,c)ET p,g,r21 p,qg,r-1 
g-1 9a+r 
- (a - 1) »~ 3p+r 5p+q 
p.q,r2l 
FE) OO 
2 al 15 9) 3 
FE) E0'EO) 
2 SI 15 1 O St 3 
ES 2 z 
Eee ee Oa eer 
2 1 2 jer’ | 
1-— 1-2. 1--= 
15 +) ) 


Of course, when we wrote SS we meant that the sum is over all possi- 
p,g,7r2l 

ble triples (p,q, r) of positive integers — that is why it can be expressed as 

the product of the three geometric series, each over all positive integers. 

The problem was in the Putnam Competition in the year 2015. 


M41. Prove that the inequality 


n—1 n—l n—1 
@ + (2) eg (2) silt Ga 
a2 a3 Qa] 4/2182 °**An 
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holds for any positive real numbers aj, a2,...,Qn- 


Solution. We prefer to denote 71 = ?/a],22 = 7/a9,...,2n = Yay and 
thus to prove that 


(ey (2) | + (sae : ort + oR peep iy 


L2 L3 Lj L1{LQ°*** In 


for any positive 71, %2,...,2n.- 


We use the inequality between the arithmetic mean and the geometric 
mean of n(n — 1) positive numbers to get 


n(n—1) n(n—1) n(n—1) _ 
L2 L3 Lin 2 


L1{L2°°**In 


(mined) of the numbers are equal to 1). This yields, by cyclic permu- 
tations of the variables, n — 1 more similar inequalities . Now one can 
immediately obtain the required inequality by adding up all these n 


inequalities (of course, after dividing the result by n(n=))), 


This is problem 11193 from The American Mathematical Monthly, De- 
cember 2005. A solution by Koopa Koo, based on the same ideas, can 
be found in the 2017 August-September issue of the same Monthly. 
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3 Solutions to Hard Problems 


H1. Find all positive integers n for which 


N= (443) (24+ 1) ---(nt+ 2) 


is the square of a rational number. 


Solution. Suppose n > 2 (since for n = 1 one sees directly that N = 5/4 
is not a square). If N is the square of a rational number, the same is 
true for 


(2")?N =4"N = [| (4k* +1) 
k=) 


= |] (2k? — 2k + 1)(2k? + 2k + 1) 


k=1 
_ T] (2x? ~ 2k +1) (2(k +1)? — 2(k +1) +1) 
k=1 
2 2 
= (Troe — 2k + 0) (2n* + 2n + 1). 
k=2 


(We have seen this trick before, haven’t we’). 

From N being a square it follows that 2n* +2n+1 must be the square of 
a rational number, too, and, because 2n? + 2n + 1 is a natural number, 
it actually must be the square of a natural number. 

Conversely, if 2n? + 2n +1 is the square of a natural number, then 4"N 
is the square of a natural number and, consequently, N is the square of 
a rational number. So, basically, the numbers that fulfil the condition 
from the statement of our problem are those n for which there is some 
natural number m such that 2n? + 2n + 1 = m?. For instance, n = 3 is 
such a solution, for which N = (5 - 13/8)?. 


Now we can see that the equality 2n? + 2n +1 = m? is equivalent 
to (2n + 1)? — 2m? = —1, hence any solution (z,y) of the Pell type 


2 
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equation x? — 2y2 = —1 produces a solution (n,m) of the equation 
2n? + 2n+1 =m? if we take n = (x — 1)/2 and m = y (clearly, x must 
be odd). From the theory of the Pell equations it is known that the 
solutions for x? — 2y? = —1 are given by the formulae 


1 
oe 5 (@ As J2)7att ait (1 a Qe) 
14 VOR (1 VO), GEN 
c= a (( 2) ( ) q 
So, finally, the numbers n that we are looking for are those of the form 
1 
eas ((1 + v2)"2+! + (1 — v2)2+t — 2), 


where q is any positive integer (q = 0 yields n = 0, too, which is not 
acceptable). Thus the first such n is 3 (as we already said), and the next 
one is n = 20. 


H2. Let ap > 2 and ani = a2 —an+1,n>0. Prove that 


loga,(@n — 1) logg, (@n —1)---log,, ,(@n -—1) =n 
for alln > 1. 


Solution. If ap > 2, we also have ag > 1, and an immediate induction 
shows that a, > 1 for all n, hence the logarithms are well-defined. Also, 
log an > 0 for any n, if log denotes any logarithm with basis greater than 
1 (for example, the natural logarithm). Thus, the inequality to prove 
can be rearranged as 

log(@n —1)log(a,—1) log(an — 1) a 


log ao log a4 log@n-1 


1 
<> (log ao log a, - - - log Gn-1)% < zi log(an — 1). 


By the inequality between the arithmetic and geometric means for the 
positive numbers log ao, log aj,..., log an_1, we have 


(log ag log ay - «log dn—1)" < —(log ap + log ay +--+ + log an—1) 


oles le 


log(aoa1---Gn—1) < “log (dn —1). 


3. Solutions to Hard Problems 281 
Telegram.me:@math_books 


So, we have our problem solved if we prove the last inequality, which is 
equivalent to agaj ---@n—1 <a, —1. But the recurrence relation for the 
sequence (G@n)n>09 can also be written in the form 


and, if we multiply these equalities for k running from 0 to n—1, we get 


An — 1 


< an —1, 


Q041°°*an-1 = ; 1 
0— 


because ag — 1 > 1, by hypothesis, which is precisely what we intended 
to prove. 


H3. Leta be a real number greater than 1. Evaluate 


Oe gg el 
k=1 a?" 7 at +1 | 


Solution. By repeatedly using 
1 1 —2a 


a+tat+1l at—at+1  at+a?+i1 


(you remember (a? —a+1)(a?+a+1) = a*+a? +1, don’t you?), or 
by inducting on n, we get 


1 7 x 1) gk-1g2"-*-1 7 1)" 9 g2"-1 
a+atl at — gti 4. a2) 4 ga 41 


Because for a > 1 we have 


n 
pis eciee 
1 
lim ae ee lim an = 0, 
noo qg2? + qr +] n—-00 1 1 
ba on 
a a 


the right-hand side of the previous identity also has limit 0 when n — oo. 
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Consequently, the required sum is 


oo k—-1,2*-1_] n k—-1,2*-1-1 
2 2 
\\(-)' 1 = = lim 5-1)! — 
rae il A a a?” — a2" +1 
_ 1 
at t+atl 


H4. For a nonnegative integer k, define S,(n) = 1* +2* +.--4+n*. 


Prove that ' 
: 
1+ S.(n) =(n+1)". 
ie x(n) =(n +1) 


Solution. This is just a reminder (we did it before at the start of 
Chapter 1). We have 


as required. The following recurrence for the sums 5;(n) also holds: 
Sr4t (n) = 07 5,(n) + 05Sr—1(n) = nee (—1)"o7S1(n) 
_ (n+1)n(n—-1)---(n—-1) 
7 r+2 
for positive integers r and n, where oj is the sum of all possible prod- 
ucts of k distinct factors chosen from the numbers 1,2,...,r (the kth 


fundamental symmetric sum of the numbers 1,2,...,r), forl <k <r. 
Indeed, 


Sr4i(n) — of Sp(n) + 05S,p_1(n) — --- + (—1)'07 Si (n) 
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H5. 


Sy og ey eae) = G1) sg 7) 
j=l Ie 
= 5 G45 G9) -5-G-NG-r-)) 


Get a slightly different recurrence by using the similar formula 
gory egg cheae, pag Galen Ger): 


For instance, when r = 2, we have 0? = 14+2=3 and of = 1-2=2, 
therefore we get 


S3(n) — 3S2(n) + 25i(n) = ——— 


By replacing here $(n) = n(n +1)/2 and So(n) = n(n + 1)(2n + 1)/6, 
we get S3(n) = (n(n + 1)/2)?, as we know. Use this recurrence formula 
to find S4(n). 


Find all positive integers n such that 
m 
n= | [ta +1), 
41=0 


where GmGm—1-..ao is the decimal representation of n. 


Solution. For m = 0 there clearly are no solutions, so that we assume 
m > 1 (that is, n has at least two digits). 
We have, for a solution n = @m@m_1..- 40, 


G,,0n_1:10" |! <G,4,,-1...& = (Am + 1)(@m—1 + 1)--- (ao +1) 
< (@m + 1)(am-1 +1)-10"". 
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H6. 


The first inequality comes from the fact that all digits are at least 0, and 
the second one is due to the fact that the digits are at most 9 (we use 
these bounds for the last m — 2 digits). Consequently 


10am + Qm—1 = GmGm—1 < (Gm = 1)(@m-1 a 1), 


which is equivalent to 


Since both 9 — am_1 and am, are from the set {0,1,...,9}, the last in- 
equality is possible for either a,, = 1 and am_1 = 8, or am_1 = 9 and 
Qm any other digit. 


In the first case the above inequalities become 
18-10! < 18am—2...d9 = 2-9+(am_2+1)-+- (a9 +: 1) < 18-101. 


That is, they must be all equalities, which is possible if and only if 
Am—2,---,a9 are all 0, and, simultaneously, they are all equal to 9. Of 
course, this can only happen when m = 1 (so there are no am_2,..-., a0) 
— that is we get the solution n = 18. 


In the second case the equality 
Gm@m—1---a9 = (Am +1)--- (ag +1) 


forces ag to be 0 (because there is a factor of 10 in the right-hand side), 
which makes the right-hand side at most equal to 10”. On the other 
hand, the left hand side is at least 19-10—!, as am > 1, and am_j = 9. 
Since 19-10”! > 10” the equality is not possible in this case. The only 
solution remains the number 18. 


Let 
k 


(k—1)3 +k3 +(k+1)3 
Prove that aj +a2+---+ag999 < 90. 


ak = 
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Solution. We have 
999 999 


dm 2, 4 7 


fai (K-18 +43 + (k 4138 
999 k 

a reer war 1)3+(k+1)3 
209 & ((k + 1)8 — (k-1)8) 
(eee eae 


k=1 

ie : ; 
=5 ((k+1)3 —(k 1)3) 

k=1 

=7 (10003 +9993 — 13 - 03) 

1 

< (100 + 100 - 1) < 50 


H7. For a fized positive integer a define the sequence 


n 1 my 
n= |(a+ a? +1) idles |.nz0 
oe 
a ~ Baz’ 


Py on—-14n41 
Solution. We show first that 
an = (a+ +1) +(a- va? +1) 
for every n > 0. Note first that, by the binomial theorem, the number 


— (a+ +1) +(a-Var+1) 


Prove that 
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is an integer, for each n > 0. Thus we have 


[oN] 
~ | (a VF +1) +(5] | 


if we prove that the last integral part is 0. Observe that 


forn >0,asa>1and Va2+1> 1. Now we have, for odd n, 
n 1 a n 1 nm 1 nm 
-(a- Va? +1) + (5) = (va? +1-a) + (3) <2-(5) <1 


and 


ahi ®41)"+(5) =(veFi-a)"+(5) >0 


2 
For even n we have 
n 1\" 1\"" a 1\” 
-(a- Va? +1) + (=) = (5) — (va? +1 -a) < (5) <1 
and, also, 


=e #ri)"+(3) =($) -(veFi-a)">0 


2 2 


n 1 a 
Thus in both cases the expression — (a — Vae+ 1) + (=) is between 


O and 1, therefore its floor function is 0. So, 


nr nm 
fine (a+ a? +1) + (a- Va? +1) 
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Tr iO) 
for every n > 0. Because (a + VJa*+ 1) and (a —~ Va? + 1) are the 


roots of the quadratic equation x? — 2az — 1 = 0, it follows that the 


numbers a,, satisfy the recurrence 
Qn+1 — 2aQn — An-1 = 0S An+1 — Aan—-1 = 2aQn 
for n > 1, hence 
. 1 oe2 2adn LW Ont — On~1 
~Gn-10n41 2a n—10nOnt1 24 An-14nAn+1 


1 1 )- 1 1 _ 1 
Qn—149n Anan+1 


| 
ia 
8 
ns OS 


because ap = 2 and a, = 2a. 


Evaluate 
CO 
1 a 
ok tan OR? 
k=1 
where a # sv, with s any integer. 


Solution. Remember (and prove!) the formula 
tan z = cot z — 2cot 27, 


according to which we can write 


Consequently, 


CO 
) cae Jim. : Sete eee va eos 
ae Qk Qk gn Qn a 


This is because we have the well-known limit 


L 
lim x cot x = lim =| 
+0 z 0 tanz 


2aaoa, 8a?’ 
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yielding 
1 a 1 a a 1 
lim —cot — = lim —-—cot — = — 
n—-oo Jn on n>coq 2n a 


(as a/2” — 0 when n — oo). 

H9. Let n be a positive integer. Prove that 

n—-1 2 
k-1 k+1 2 2 

I] (2 sin? (= De + Dsin- ae — sin? =) = (1 — cos” =) 

n n n n 
k=0 
Solution. As we know, we have the factorization 


n—l 
2Qkr Qk 
ieee le = Shaker gant: 
z = II (- cos . 7sin =) 


k=0 


for any complex number z. Taking the absolute values, we get 


n—1 2 
jz —1|* = I] yee ofanee 
aes n n 
hence i 
ies 
2k 

jz” —1/? = I] (2 — 2zc0s — +1) : 

k=0 


when z is a real number. 
27 


For z = cos = we get 


after a few simple trigonometric transforms, as desired. 
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H10. Let m and n be integers greater than 1. Prove that 


1 2 
ky lko! Ken! cosh + 2h ae ny) = }=0 
ere) ee ve aren ns ORRIN Pe ae n n 


Solution. The sum is over all n-tuples (ki, k2,...,kn) of nonnegative 
integers that sum to m and we first observe that it represents the real 
part of 


1 oilka +2ko+--+nky) 2 


kilkol..-k,! 
hake eee n 


1 ani \ K1/ 9, ani \ Ko ny. ami \ Kn 
— ——— "1 CO e n ee 1 eC n 
> Bligh eg e*) (2) (2) 
pear i ayck0 


tude toy 
m! 
for w = en. Thus we arrived at the sum of the nth roots of unity, 
which is well-known to be 0, hence the conclusion follows (and we see 
that it remains true if the cosines are replaced by sines, too). We used 
the multinomial formula 


m! ki ke 


es a * 
kylko!--+ky! + 2 
ki tkot+::-+kn=m,k1,ke,...,kn 0 Lele sg 


ae ohn — (a7+-29+- : +27)". 


H11. Let X be a set with n elements. Prove that 


». Yong =near, 
VZCXx 


The sum is over all possible pairs (Y,Z) of subsets of X. 


Solution 1. First we note that if M is a finite set with m elements, 
then the number of pairs (A, B) of disjoint subsets of M is 3™. Indeed, 
we can choose A having k < m elements (from the m elements of M) 
in CP) ways. Once we chose A, B can be any subset of the complement 


290 


Chapter 9. Solutions 


Telegram.me:@math_books 


M \ A of A with respect to M. Since M \ A has m — k elements, there 
are 2™-* possibilities for B (for every subset A of M with k elements). 
Thus the number of such pairs (A, B) is 


m 


3 7") gmk — (24.1)™ = 3". 


k=0 


Now we evaluate the sum from the statement of our problem in the 
following way. For a given subset S of X, we can have YM Z = S for 
Y, Z C X in as many ways as there are pairs of disjoint subsets of X \ S. 
(This is because YM Z = S is possible if and only if Y = SU Yj and 
Z= SUZ, for mutually disjoint Y; and Z, with elements outside S.) 
According to the observation from the beginning, we see that there are 
3IXI-I5! pairs (Y,Z) of subsets of X such that YN Z = S. Of course, if 


S has k < n elements, it can be chosen in ways, and it contributes 


n 
k; 
to the sum with an amount of k. All these being said, we can calculate 
- n - i) 
= —k _ —k 
So lynZ|= yo (R)3" = ye (e)3" 
Y,ZCX k=0 k=1 
As we have previously seen, by differentiating 
“~. (n 

de (j)2" =(1+2)" 
k=0 


(with respect to the variable x), we get 


3 k (*) ck) = n(1ta2)"}, 


k=1 
therefore we also have 
S- k & e* =nae(1+2)"1. 


k=1 
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For our sum we can write 
7 ae mn (1\" 1 rye , 
n—k _ Qn a Lee, eee (ay (aes a — 7. 4r- 
soe (p lar =a yoe(2) (3) <3 s(1+5)  =n-aht 
k=0 k=1 
which is precisely the claimed result. And here comes the simpler proof. 


Solution 2. 


y, Yaz). x4 


Y,ZCX Y,ZCX 2EYNZ 
PO 20 a i ee ee 
rEX rEY rEZ rEX 


where we have used the fact that 


Oe oe 


which just says in formulas that each x € X is in exactly 2”—! subsets 
of X. 


H12. Evaluate the sum 


and 


292 Chapter 9. Solutions 


elegram.me:.@math_books 


hence 
_ ies m\  (m m m 
aram+a—am=a((O)-(2)+(2)-(G) +) 
Since 
(Leb) 22 (cos * + isin ~} 
we obtain 


dy a 7 oe 7 fe te oo ~ “ Ha Oo cos ME 


Now remember the simple formula 


iG) ==) 


and utilize all that to evaluate the given sum: 


$= (ak (,," .) = evn] 


k>1 k>1 
; —l n- —l 
= n > (-1)' a ) =n2"F cos a. 
j20 


Of course, the sums are not infinite: at a certain moment the binomial 
coefficients become 0. For instance, by 


_4)\k-lrop _ nH 
Si-vMar-n(,,",) 
k>1 

we actually mean 


Linsy/2} 7 
— =i — 
(—1)*-1 (2k D(a," ) 


since the binomial coefficients with 2k —1 > 7n are all 0. The condition 
2k —1 <n and its analogues for other similar sums are somehow taken 
for granted in such wording. 


k=1 
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lai, 3) (:) - (2" ee (|) | 


Solution. We already proved a general result on sums of this type (in 
Example 3.7), namely 


k-1 
n\  (n n n ee nJjJN  njT 
> (7) = (*) + ts + i ea: > 00s 7 C08 
l=0 (mod k) 


Of course, there exists a more general formula, and this is 


oo ea () - () (eta) * (read) 


(n — 2r)ja 
=e Ewe “Z C08 


H13. Prove that 


(Again, the sums are finite.) Let us remember how we did in the case 
r = 0, by proving the general formula. We use the kth roos of unity, 


2] 2) 
ej = cos isin, 7=0,1,...,k-1., 


and the fact that their power sums with integer exponent ¢ are 


Che 0 if ktt 
“I~ ) k if klt. 


j=0 


Thus we have 


k-1 k-1 n i n 3 
Pestatet= Ded (“\g=d(")rg 
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Now the inner sums are not 0 (in which case they equal k) precisely 
when s =r (mod k), therefore the above becomes 


ea" (l+e;)" =k se Ep 
l=r (mod k) 


In order to obtain the desired formula we still need to note that, actually 
(being a real number), the sum from the right-hand side is equal to the 
real part of the sum from the left, and that, by using 


sash a a ..a@ 
1+ cosa +isina = 2cos = (cos 5 + isin 5 } 


plus de Moivre’s formula and complex multiplication (in trigonometric 
form), we get 


; _ on) 4 
e, "(1+ 63)" = 2" cos” —— F (cos B= isin SM I 


For instance, let us consider the case k = 3 when we have the three sums 


So, = SS (7) r= 012 
l=r (mod 3) 


The three roots of unity of order 3 are €9 = 1, 


E cos ail + 7sin ai and «¢ cos an +7sin cil 
— — — = — in —. 
: 3 3° ‘ 3 3 


By the binomial formula and the fact that e} =]; 
So +S, + So =(14+1)” = 2", 


So + €151 + e* So = (1 + 4) 


and 
So + €251 + e2 Sy = (1 + E2)”. 
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In order to solve for S; we need multiply the three equations with €9 : 
(that is by 1), with e[’, and with ez" respectively then add and note 
that the coefficients of So and S_ become 0, while the coefficient of S$} 
will be 3. Thus we get 


39, = 2” +e7*(1 +61)" + és (1 +2)”, 
and further, by trigonometric and complex numbers calculations, 


—2 2 2(n — 2 
(= 2)m Lom cogh 2 cog 24M = 2) 


T 
= gn De nr 
35] + 2” cos 3 cos 3 3 5 


If we take into account that 


2(n —2 ae - 
cog AP PIF — cos ( (nm — 2)m — BAIR) = (19-2 09 (22) 
3 3 3 
= (—1)” cos dea 
3 
and 
cos — ae Bae — _i 
SD 3g! 


we finally obtain the formula 


$= (T+ (D+ (8) te = 5 (2 + 2008 2"). 


Similarly we can get 


a=) (0) () on $ lesson 


and 


<a 
| 
, ie. * 
oe) 
NN! 
+- 
a 
os 
nN.” 
+ 
i 
Co 3 
nn.” 
+ 
| 
Go| 
bo 
Pa 
+ 
KO 
e) 
e) 
—Z— 
ww 
y 
Mao 
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H14. Prove that 


H15. 


> (i) (m+) = (a) 


for any nonnegative integers m and n. 


Solution. If we want to choose an m—element subset of the set 
{1,2,...,2n} we can choose arbitrarily (for any 0 < k < m) a 
k—element subset of {1,2,...,n} (and this can be done in ({) ways), 
then we complete with m — k elements also arbitrarily chosen from 
{n+1, waa ., 2n} (which action can be performed in (_.” ,) ways). So, 


there are e ) ways to chose m elements of the set {1,2,...,2n}. 


On the i hand, a ”) definitely counts the same thing. Thus, as both 
sides of the identity count the m—element subsets of {1, 2,. On}, they 
are, indeed, equal. Of course, this is a particular case of Uaadesnoaes 


identity 
Paar) ee 


(a, b, and c are nonnegative integers and the sum is over all pairs (7, 7) of 
nonnegative indices that sum to c), which we met (and proved) before. 
Here we provided the purely combinatorial approach and we invite the 
reader to extend the proof to the general case. 


Let n be a positive integer. Prove the combinatorial identity 


CE) -Ee()- 


Solution. Let M = {1,2,...,n} and N = {n+1,n+4+2,...,2n}. We 
count the number of ordered pairs (X,Y) of subsets X of M and Y of 
Tm 


XUN, Y having n elements. First, this number is Ss, (3) (ae because, 


k=0 
for each 0 < k < n, we can choose a subset with k elements X of M in 
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9) ways, and once this X was selected, we can choose Y (a subset with 
n elements of X UN) in ("**) = ("7") ways. 


On the other hand, we can first pick up Y as a subset of MUN. More 
precisely, we first choose Y ™ N as a subset of N that can have any 
number k < n of elements from the n elements of N — and this can be 
done in (;') ways. The remaining n—k elements of Y can be chosen from 
the n elements of M in (ee i) = CD) ways, and for each of these choices, 
X can be completed with some of the other k elements of M (other than 


those already put in Y) in 2° ways. Thus a pair (X,Y) of sets X C M 
0) 
and Y C XUN with |Y| = ncan be also chosen in >. Of (Oe ways, and 


k=0 
the equality of the two sums follows from this enumerative argument. 


Prove similarly the slightly more general formula 


= ()Cx)-E"C)() 


H16. Let n be a positive integer. Prove that 
Tm 
(—1)*-! /n 1 1 
ae a SN ss hase ie 
> k k : 2 ae n 


Solution. We have 


eg” —1 


d 
r—l ‘a 


1 1 : ; 
2 Tr 0 0 


-[ VE! We oe 


Z t 


where, at the last step, we changed the variable with z = 1 +t. 
By developing (1+ 1)” with the binomial formula, and after simplifying 
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by t, we get 
1 1 ne m (n\ [t*7° “. (—1)*-! /n 
Hee EOE OE -EIO 
2 n a eee! k i k}) (ke \_y — k k 
as desired. 


Solution 2. An elementary approach is possible, too. Let S,, denote 
the sum from the left-hand side. We have S; = 1 and (by the recurrence 
formula of binomial coefficients), 


a= (() (2) 


Actually, for k = n+ 1 the formula only gives 


(tt)=(tJen, w (\%,)=0 


so that we further can write 


on SP) HP (,*,) 


k=1 k=1 
1 n+1 n+1 
= pains — 1)k-1 
oa ra ) ( k ) 
k=1 
ae oe 


Now from S; = 1 and S;41 = S,+1/(n+1) for n > 1 the conclusion 


1 1 
Sn=ltatee ter 
2 n 


easily follows by induction. 
Note that we used 


i(eta)-aei(“e') me Beor(y’)-8 


k=0 
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H17. Let (Fn)n>0 be the Fibonacci sequence defined by 


H18. 


Fo =0, Fy =1 and Fase = Fa4it Fn, forn> 0. 


Prove that 


3 vy ds 


k>0 


Obviously, the sum lasts as long as the binomial coefficient is not 0 (that 


is, as longasn—k>k). 
(" — *) 
do k 


we see immediately that So = 1, S; = 1, and (by the binomial recurrence) 


HEC-ECE PEN) 


Solution. If we denote by 


k>0 k>0 k>1 
> ae ‘4 oF 
k>0 k>1 k—1 

= On-1 + Sn—2 


for all n > 2. Since Sg = Fi, S, = Fe, and the sequences (S;,)n>9 and 
( Frti}nzo satisfy the same recurrence relation, they must om that 
is, Sn, n+1 for every n > 0, as required. 


n n—1 i n—2 _ (n- 8) mn 
0 1 y 3 
Solution. That is, we are asked to evaluate 


De-v'("7"), 


Evaluate 
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which suggests us to consider the more general problem of evaluating 


the sum 
Sa(a) => (" ; *) oh 


k>0 
With this notation, we must determine S,,(—1) (after we found, in the 
previous problem, that S,(1) = F,41). A recurrence relation can be 
obtained exactly as in the preceding exercise: 


Sn(z) =e (ran r> ere 


k>0 k>1 
->( : )z +2 ( a )z 
k>0 k>1 


= S,_-1(x) + £Sp_2(z) 
for all n > 2. 


In the particular case of x = —1 we have So(—1) = S;(—1) = 1, and the 
recurrence 


Sn(—1) = Sn—1(—-1) + Sn—2(—1) =), 222 
has the characteristic equation t? — t ++ 1 = 0 with roots 


T T 
cos — £7SsSin —. 
3 isin 3 

Therefore 


Sn(—1) = Acos > + Bsin = 


for all n > 0 and appropriate constants A and B which can be determined 
from the initial conditions. Finally we get 


,(n—k nxt 1 . nq 2 (2n —1)a 
— — n aa | = — ——— | — SS —— 
2| 1) ( L Sn(—1) = cos 3 + FR sin Fi Cos F 


A period of 6 is immediately detected, based on the periodicity of the 
trigonometric functions. More precisely S,4¢6(—1) = S,(—1) for all 
n > 0. The sequence starts 1,1,0,—1,—1,0, then these values repeat 
indefinitely. For instance, S¢,(—1) = 1 for every nonnegative integer m. 
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sions with first terms a1, a2,...,@4n and common differences d,,d2,...,dn 
respectively. Prove that 


H19. Partition the set of positive integers into n > 1 arithmetic progres- 


n+1 
> 


n 
Qk 
d 
hat” 


Solution. Note that we must have a, < dz. ‘To see this, suppose 
the contrary a, > dy. Then x = a, — dy must be contained in some 
arithmetic progression, say the i-th, and we must have 71 # k since z is 


below the start of the k-th arithmetic progression. But then 
x+d;dy = ap + (d; — 1)d; 


is in both the 2-th and k-th arithmetic progressions, a contradiction. 
From this it is not hard to see that among the first N = djdo---dy 
positive integers there are precisely N/d, numbers belonging to the pro- 
gression P, with first term a, and common difference d,. This is why 


we have 
N WN N 1 
ae a > a 
Also, we can write 
N n n N/dy-1 
N(N+1 
= P= i=>d j=) (ay, + idx) 
j=1 k=11<j<N, 7€P, k=]. 10 
n 
N 1N 
= preg | an reer (= -1) ds) 
= (= 2d, \d 
n Qn 
Qk N 1 Nn 
pa" oa th 2 
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by using the hypothesis and the observations from the beginning. 
This can be rearranged as 


(n+1) _ “. aK 
2 7 d dy 
and the problem is solved. 


H20. Let ay < ag <---> < ay and bj, bo,...,bn be positive real numbers such 
that 


aj +agt+-:-+tap>b,+b9+---+ by for alll<k<n. 


Prove that aja2q-:-An > b1b9--- bn. 


Solution. We have 


1 (bi be b 
Voi > ara Oe (Eo 
n\a, a2 An 

bi b b 

> vaja2 An Lu, nm 

ai a2 an 


= V/b1b2--- bn, 


whence the required inequality immediately follows. The second inequal- 
ity that we used is, of course, the AM-GM inequality, so we still need to 
explain the first, that is, to prove 

bi bo On 


Qa] a2 an 


Q1 a2 an a2 


nr 


1 1 1 
+( — ) rbot Bana) + Eb Ha Ho + Bo) 
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1 1 1 
ds — — } (@1 ++++ + @n-1) + —(a1 +02 +++++ Gn) = 2, 
Qn-—1 an An 


and thus we are done. 


The problem was proposed by H.A. ShahAli in Mathematics Magazine 
—as Problem 1862 in the February issue from 2011. The above solution, 
by Omran Kouba, appeared in the February issue of the same Magazine 
from 2012. 


H21. Prove that Carleman’s inequality, that is, 


holds for every positive real numbers aj, a2,.... 


Solution. For positive real numbers 61, b2,... we have 
oe) CO f£ oe) k 
a ,b1a2b2---axby 1 

So yaran ay = S~ Verhiaaba nbs < yt Sash 
ra = by bg --- by eee k w/b 1b --+ by = 

CO CO 1 

= a,b 
d sd 2 k X/b1b5 «+ by 


by using only the inequality between the arithmetic and geometric means 
of some positive real numbers, and by changing the order of summation. 
You can see here a similar trick as in the previous problem in applying 
the AM-GM inequality, which will be completed by a clever choice of 


the numbers 6,, b2,.... Namely, we take 
Gay 
Da 
i 


for 7 = 1,2,..., for which 
bybo--- bp = (K +1)", K=1,2,.... 
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We thus get 
CO (o.6) , CO 
(j +1) 1 
Dd, Vaan aK < Daya D 
a rar 93 rane k(k + 1) 
OO 1.6) 
(j+1)1 1 
=)4; jo-} ae L+— ) aj, 
j=1 j=1 


which is a little stronger than Carleman’s inequality. Indeed, it is well- 
known that the sequence with general term 


1\2 
J 


is strictly increasing and convergent to the number e, therefore all its 
terms are less than the limit: we have 


1 j 
(+5) <e 
J 


for every positive integer 7. Consequently the inequality follows: 


as desired. 


It can be shown that the constant e is optimal (i.e., the smallest possible) 
in the sense that if, for some C’, the inequality 


CO OO 
>, Varag aK SCD ay 
k=1 


k=1 
holds for any positive real numbers aj, a2,..., then C’' > e. For example, 
choose ay, = 1/k fork = 1,2,...,n and a, = 0 for k > n, then let n > co 


to get this result. 
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H22. Prove that 


2 
4n? — 
ve _ n(4n 3n + 5) 
6 
k=1 
Solution. We know that Vie | = j if and only if j < Vk < 7 +1, that 


is if and only if 7? < k < (j +1)”. Thus, for being able to evaluate the 
integer parts we write the sum as 


n? n—1 (j+1)?-1 n—1 (j+1)?~1 


Eee, 2. ete 2. ate 
k=1 j=l k= 9? j=l k= 9? 
n—1 n—1 n—1 
=SjQjt+)tn=25° 74+ 5S jtn 
j=l j=l j=l 
n(n—1)(2n—1)  n(n—-1) 
i aa Is = +n 
_ n(4n? — 3n +5) 
ee 


A question rises naturally: what if the sum is from 1 to some arbitrary 
number (not necessarily a square)? The answer is that a formula exists. 
We have 


> | vil Geri ee, 


k=1 6 


for q = |.,/m|. The simplest proof goes like this: 


Yive- oS Y= Yt 


k=1 1<k<m 1<j<Vk l<j<J/m j?<k<m 
= SS (m+1-7?)= S° (m4+1-79”) 
1<j</m 1<7<4q 


eed ae a, 
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The method used in the particular case works in the general case, too. 
We have (for g = |,/m|, hence for g? < m < (q+ 1)?) 


m q-1 (j+1)?-1 m 
> [ve] = [ve] + 30 [vel 
k=1 a=] k=j? k=q? 
q—1 
=) i(2) +1) +a(m+1—-4¢") 
j=l 
— mang Met DOdtD) 


6 


after a few simple computations — which we invite you to do. Also, check 
that the particular formula matches with the general one by replacing 


m =n’ in the late. Finally, you may wish to prove the (particular or 
general) formula by induction. 


H23. Let p and q be relatively prime odd natural numbers. Prove that 
p-1 q-1 
2 2 
k l —1)\(q-1 
Ela] -Ele| 
k=1 l=1 
Solution. We have 
es = k 
S eg| a Le 
ye |F}-d > > a> 
k=1 k=1 I[=1 1<k<2+ 1<I<| 42 | 1<k<§ 1<1< “4 
— 1= 1 
Isl<g B<k<B ISIS 45 |B] 41<b<25} 
fee [Fl \ sep oe | 
— = 1] = 1— 1 
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as desired. We used the fact that, for natural numbers k and 1 we 
have k < p/2 if and only if k < (p—1)/2, andl < q/2 if and only if 
| < (q—1)/2 (because p and q are odd). We also used the fact that 
no kq/p with 1 < k < (p—1)/2, and no lp/q with 1 < 1 < (q—1)/2 
can be an integer, as p and q are relatively prime (actually this holds for 
1<k<pand1<lI<q respectively). 


One can figure out a geometric proof, too. Namely, consider in the ry- 
plane (with origin O) the points P(p/2,0), Q(0,q/2) and R(p/2,q/2). It 
~ is easy to see that the number of points with integer coordinates (lattice 
points) that lie inside the rectangle OPRQ is (p — 1)(q—1)/4. On 
the other hand, there are no lattice points on the diagonal OR of the 


rectangle, there are 
p-1 


> 
k=1 e 
lattice points inside the triangle OPR, and there are 


Be 

j= Ld 

lattice points inside the triangle OQ R. The conclusion follows by equat- 
ing the two expressions of the number of lattice points situated inside 
the rectangle OP RQ. Of course, we invite the reader to prove all these 
statements. Also, we invite you to prove (by using the first method) that 
the more general identity 


| 7 
Big eel 


holds for any positive and relatively prime integers p and q (not neces- 
sarily both odd), and any 1 <r <p. 
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H24. Let p be an odd prime. Prove that 


H25. 


RA 1k) (p—2)(p—-1)(pt+1) 
7 mes aes 


Solution. We have 


p-1) 43 (p—1)/2 3 p—k)3 
xlale & (als) 


by pairing the first term with the last, the second with the last but one, 
and so on. But 
(p — k)° k° 


=p’ — 3pk + 3k” — = 


and if we use [x +n| = |x| +7 (for any real number z and any integer 


n) and |x| + |—x| = —1 (for any x which is not an integer) we have 
ke — k)8 
Eee (od eee 
p p 
for every k = 1,2,...,(p — 1)/2. Thus our sum becomes 


(p—1)/2 (p—1)/2 


ea k? :— 
> |=|- pros Do kts SR 
k=1 


_ (p-(P-VYtV 
7 
Let p be an odd prime and let f :Z4 > R be a function such that 


k 
(1) : ) is not an integer, fork =1,2,...,p—1; 
(it) f(k) + f(p—k) is an integer divisible by p, fork =1,2,...,p—1. 


Prove that : : 
p— p- 
f S) 1 p- 
P| = Sse) - 2 
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Solution. From (ii) it follows that nS + fe € Z and therefore 


ef (een 


From (i) we obtain that a ¢ Z and fp — k) a a 


Thus : 5 
fl} {HEB} 


Using the above results we get 


fed ex teed aaa for k =1,2,...,p—1. 


Pp 


CL. KH A, 2iccc5p— A, 


Summing up yields 


SP} EP) 


It follows that ' ; 
p— p- _ 
|e =5 Dw BS 
k=1 P P k=1 


The careful reader definitely recognized here a generalization of the 
previous problem (whose result follows from this one by considering 


f(n) =n’). 


H26. If p > 3 is a prime number and xz, y, and z are integers such that 
ctyt+zandzxy+2z+ yz are both divisible by p, then x? + y? + z? and 
zPyP + ¢P2P + yPzP are divisible by p?. 


Solution 1. First we observe that 
(t+ 1)? — (4? +1) = p(t? +t +1)Q(2), 


where @ is a polynomial with integer coefficients. 
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Indeed, we know that P(t) = (t+1)?—(t?+1) has all coefficients divisible 
by p, since they are the binomial coefficients (“) for 9-1, 2 axes =, 


Moreover, if a is a zero of t? +¢+1 (thus a third root of unity different 
from 1), we have a* +a+1=0 and a? = 1, consequently 


P(a) = (a +1)? — (a? +1) = (-a’)? — a? —1 = -(a* +a4+1)=0. 


(If p = 1 (mod 3), we have a”? = a” and a? = a; if p = 2 (mod 3), we 
have a2? = a and a? = a?.) We infer that P(t)/p is a polynomial with 
integer coefficients divisible by t? +¢+1, whence the conclusion follows. 


By using the above with z/y in place of t we get 

(x + y)P — (a? + y?) = p(a* + cy + y*)R(z, 9), 
where R(x, y) is a (homogeneous) polynomial with integer coefficients. 
Now we solve the problem. Because 

a+ty=-z (modp) and sy+2z+yz=0 (mod p), 

we get 

x’ + ayty? =(e+y)* — sy =—2(e+y)— sy 

= —(ry+a2z+yz)=0 (mod p), 


hence the above equality shows that p? divides (x + y)? — (x? + y?). But 
the same is true for (x + y)? + z?, because 


p—1 
(e@+yP+2=(et+y+z) {> (ety)? F(z) |, 
4=0 


and both factors from the right hand side are divisible by p. Indeed, we 
have —z=2+y (mod p), thus 


p—-1 p—l 
> (ety 4 Gz? =) (ery e+e 
j=0 j=0 


=p(rty)P+=0 (mod p). 
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Consequently 
BP yh +P = (n+ y)? +2”) — (ety) ~ (a? +") 


is divisible by p*, as claimed. 


On the other hand, note that the numbers ry, xz, and yz also fulfill the 
hypotheses: their sum ry + xz + yz and the sum of their two by two 
products 

cyrz + cyyz + ezyz = cyz(x+y+z) 


are also divisible by p. By what we already proved, (xy)? + (xz)? + (yz)? 
is divisible by p?, too, and thus we are done. 


Solution 2. Let P, = 2* + y* + z*. Since x,y, z are the three roots of 
the polynomial 


(X — 2)(X —y)(X —2z) = X°—(e@t+yt2z)X? + (ey t+ yzt 2a)X — xyz, 
we have 
a® —(2+y+z)e° + (cy t+yzt zx)a** — zyzr*-3 = 0 
for k > 3 and similarly for y and z. ‘Thus the P; satisfy the recursion 
Po =3, Pr=xtytz, Po=(xt+yt+z)? -—2cy+yz4+ 22), 
and 
Py =(a2+y+2z)Pp1 — (xy + yz + 22) Pho + ryzPy_3 


for k > 3. From this recursion and the hypotheses an easy induction 
shows that 


k(x +y+z)(ayz)*-Y/2 (mod p*) if k=1 (mod 3) 
Py = ¢ —k(xy + yz + zx)(xyz)@-?)/2 (mod p?) if k=2 (mod 3). 
3(xyz)*/> (mod p2) if k=0 (mod 3) 
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In more detail, if k = 3m, then by the inductive hypothesis we see 
that p divides P31 and P3m-2 so p* divides (c+ y+ z)P3m—1 and 
(cy + yz + zx) P3m_2. Thus the recursion gives 
Pam = LYZP3m—3 = yz + 3(xyz)™ ' = 3(zyz)™ (mod p’). 
If k = 3m +1, then p? divides (zy + yz + zz) P3m_1 and the recursion 
gives 
P3m41 = (2+ y+ 2)P3m + cyzP3m—2 
= 3(4+y4+ z)(xyz)™ + (8m —2)(a+ y+ z)(ryz)™ 
= (8m +1)(x+y4+z)(xyz)™ (mod p’). 
The case k = 3m+2 is similar. In particular, since p > 3, we find that P, 
is in one of the first two cases and hence in either case Py» = 0 (mod p’). 


The conclusion about the divisibility of the second sum with p? follows 
as in the first solution. 


Let p be an odd prime and let 


Sg = : aig : = aii 5 : 
4°" 2-3-4 5-6-7 q(q+1)(q+2)’ 
3p —5 1 
where q = 7 7 Assume that — — 2S, = = for some integers m 


and n. Prove that m= n(mod p). 


Solution. Let p = 2s+ 1, so that we have q = 3s — 1, and the sum 
becomes 
= 1 1 1 
195304 516-7 oer tg 4D) 
1 


§ 


(3k — 1)(3k)(3k + 1) 
| ee ee 
1 2 3k — 3k 683k4+1 =O&E 


k= 

3s+1 Ss 3s+1 
_!i 1 
2 a ae = 2 7 
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Consequently, 


n-m ( 1 1 - 4s +2 
n —\2st1-j  Wst+1+3 oF (28 +1 — §)(28+1+ 5) 
Ss 
Pp 


sa P= 9) 


Clearly, after getting the same denominator to the last sum, the factor 
p remains in the numerator (it cannot be cancelled, because the denom- 


rs) 
inator []@ — j)(p +7) does not have a factor of p), meaning that p is 
j=l 
a divisor of n — m, that is, m =n (mod p). 


Let n be a positive integer, and let 2” be the highest power of 2 dividing 
n. Prove that 27" is the highest power of 2 dividing the numerator of 
1+ 2 ate : 
3. OO 2n—1 


when the sum is represented as a fraction in its lowest terms. 


Solution. Write n = 2"m where m is odd. Then the given sum can be 
split into a sum (over s = 0,...,m-—1) of m sums of the form 
oF 


1 
Si) orga 
j=1 


We will first show that if we write such a sum S, as a fraction in lowest 


terms, then S, = 27"a/b where a and b are odd. Replacing j by 2"+1—j 
in the sum above (that is, taking the terms in reverse order), we find 


or 


1 
S.= ee 
° FGF) HHI 
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Averaging these two expressions we get 
OF 


1 1 1 
8-5) (saci tec) 


j=l 

7 > 2" (2s +1) 

FF (atts + 25 — 1)(2rt(s +1) — 29 +1) 
Factoring out 2"(2s+1), we see that it is enough to show that if we write 
Qr 


1 
fe 
P d (2rtls +27 —1)(2°+1(s + 1) — 27 +1) 


as a fraction in lowest terms, then T, = 2”a’/b’ where a’ and 0b! are odd. 
For each j = 1,...,2", there is a kj with 1 < kj < 2” such that 


(27 —1)(2k; -1)=1 (mod 2"T"). 


Further as 7 varies 27—1 runs over all the distinct odd congruence classes 
modulo 2"t!, hence the 2k; —1 also runs over all distinct odd congruence 
classes modulo 2”+!. Hence the numbers k; are the numbers 1, 2,..., 2" 
in some order. ‘The equation 


(27 —1)(2k; -1)=1 (mod 2"t") 
implies that if we write 


1 


re ee en ee 9 ee, wei] \F 
(27+15 4+ 27 —1)(27t+1(s +1) — 27 +1) eC ee) 


as a fraction in lowest terms, then the numerator will be a multiple of 
27+! Hence the same will be true of their sum, which is 


Qr 
or g2rt+2 A, 
T+ 5 (2k — 1)? =T, + Aan 


k=1 
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Thus we see that T, = 2°a’/b’ where a’ and 0b’ are odd, as desired. Since 
this means each S$, = 27"a/b with a and b odd, and since we are adding 
an odd number m of such terms, the sum also has the form 27"a/b with 
a and 6 odd. 


This was proposed as problem E1408 in The American Mathematical 
Monthly by J.L. Selfridge. 


Let n > 2 be a positive integer, with divisors 1 = dy < dg <---<dp=n. 
Prove that didz+dgd3+:--+d,_1d, is always less than n*, and determine 
when it is a divisor of n?. 


Solution. If d,,d2,...,dz are all the positive divisors of n, then n/dj, 
n/dz,...,n/dz are the same divisors (in reverse order). 
Consequently, 
S = dydz + ded3 + +--+ dy_1dy = n” ee : 
= a1 d2 + d2a3 k-14k = dee © Gad Acad 


ey; ee ee ee ee ee 
7 dj do/ d.-d, dg d3/ d3—do 


because each difference d; — d;_; is at least 1. Or, alternatively, we can 
use the fact that, for positive integers d; < dz < --- < dy (not necessarily 
the divisors of some number) we have d; > i — which is easy to prove by 
induction, based on the same idea that if a and 6 are positive integers 


316 


H30. 


Chapter 9. Solutions 


Telegram.me:@math_books 


with a < 6, thena+1< b. So, we have 


S = did2 + dydg +--+ + dp—idx 


di do dods dy—1dk 


oe). ee oe 
So ee 5 (k—1)-k 


For the second part, let us suppose that S divides n”, and let p be the 
least prime divisor of n. (Thus, actually, dg = p.) If we have k = 2, 
then n = p (is a prime) and S = p = n divides p* = n?. So, the prime 
numbers are solutions to our problem. 


Otherwise, k > 3 and S is strictly greater than dy_1d, = n*/p. It follows 
that p is also strictly greater than n?/S, which, by the first part of the 
problem, is greater than 1. However, we want S to be a divisor of n?, 
meaning that n*/S is also a divisor of n?. Thus we obtained a divisor 
of n* between 1 and p, its smallest prime divisor, which is impossible 
(hence that’s impossible for S to divide n? in this case). 


It follows that S is a divisor of n? if and only if n is a prime. Thus the 
prime numbers are all the solutions to our problem — which was one of 
the questions asked in the International Mathematical Olympiad in the 
year 2002. 


Prove that 


5 


ud) _@ 
a eae 


Solution. Remember that for an arithmetic function f and its summa- 
tion function F' defined by 


n)=)— f(d) 


d|n 
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for all n > 1, we also have, by Mobius inversion formula, 


f(n) => uld)F (5) 


d|n 


for every positive integer n. Also, for f being Euler’s function ¢, we have 


F(n) =) ¢(d)=n 
d|n 
for every n > 1. Therefore, by Mobius inversion, 
n 
o(n) = > ua), 
d|n 


which gives the desired result after dividing by n. 


Prove that 


SY o(d)y (=) =n, 


d|n 


Solution. This is Mobius inversion again. The function oa is defined by 


a(n)= od 


d|n 


(the sum of divisors of n) for any positive integer n. That is, o is nothing 
else but the summation function of the function f(n) = n. Thus, by 
Mobius inversion, 


n= Cle (5) = Dx (Go 


d|n d|n 


The last equality holds because when d runs over all positive divisors of 
n, n/d does exactly the same thing (in reverse order). 
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H32. Prove that 


I] quid) — 


d|n 


1, if nis not a power of a prime 


, f n=p*, with p prime. 


gc AN Ba 


Solution. For n = 1 the result is clear. For n = p* we have, indeed, 


I] qu(® — pH) yl?) =p. 
d|p* 


For n = p}'---p%, with prime pj,...,ps and s > 2, all the factors of 
the products corresponding to divisors d = p> vee pes with at least one 
b; > 2 are 1, therefore the product becomes 


II dr’) — ig ‘ps (pipe) -++(Ds—1Ds)(p1p2p3) + +++ 
d|n 


: (Ds—2Ds—1Ps) + +> (pipo++*ps)—). 


(When we say (pip2)--- (ps—ips) we understand the product of all prod- 
ucts of two distinct factors chosen from pj,...,ps, and so on.) Since 
each p; occurs as a factor of (1) products of k distinct factors, we see 
that the exponent of each p; is 


s—1 s—l s—l g¢=—1 
= as aetetiesqnye — () 
(and it is important here that s —1 > 1), we get the product equal to 1, 


as required to prove. 


H33. Let an be a sequence of integers that satisfies 


Sad = 2” for alln > 1. 
d\n 


Prove that n | ay for alln > 1. 
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Solution. By Mobius inversion formula we have 


an = ys p(d)2¢. 


d\n 


If n = p;'--- pss is the factorization of the (arbitrary) positive integer 
n (with pi,...,ps prime numbers, and r1,...,rs positive integers), for 
proving nla, it suffices to show that p;* divides a, for every 1 <i <n. 
Let p” be any of the factors p;* (we give up the index for the sake of 
simplicity of notation). Then we have n = p’™m, with (m,p) = 1, and, 
by the definition of the Mobius function, the expression of a, becomes 


m= ul29+ SD wlehaa®s = PO u(ae? + wloae* 


d|m d|m, 1<b<r d|m d|m 
= $7 u(d) (24 - 28) =P w@ (24 - 2° "2 ) 

d|m d|m 
= S> p(d)or "4 (oe 8 _ 1) . 

d|m 


If we prove that 
op" 1 3 (2-993 a 1) 


is divisible by p", the divisibility of a, by p’ will follow, and the problem 
will be solved. This is clear when p = 2, because 2”! > r for positive 
integer r and the first factor 22"~'m/d is therefore divisible by 2”. For 
odd prime p, by Euler’s theorem we have 


opp" — 29") =1 (mod 7’). 


Raising this congruence to the m/dth power gives 


ge"-P"")t =1 (mod p’), 


hence 
op a (26-9) - 1) 
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is divisible by p” (because the expression in parentheses is), as we in- 
tended to prove. ‘The solution ends here. 

The problem was shortlisted for the International Mathematical Olym- 
piad in 1989. 


Prove that 


Solution. By the summation formula for a geometric series 


eee aren jz| <1, 
1-2z 
we have 

g(r)  SA/1\" on) _< ey 

rar Z (2) Aged) EG) 
ere) ST (k+1)n Co =O 1 in 

= Soin) (5) =) > 9(n) 5) 

n=1 k=0 n=1 l=1 


Let p be a positive prime, and let r be a positive integer. Consider the 
positive integers n and m such thatn >m> p" — p"—' and the integers 
Qj1,...,Qn. For anyO <j <n denote by s; and t; the number of sums 
of the form aj, +++: + a;,;, with 1 < ty < +++ <4; <n which are, and, 
respectively, which are not divisible by p (thus so = 1, t) = 0). Prove 


that 2 
C= S-(-1) (" — - ss Tan =0 (mod p’) 
= J 
7=0 
and 


T 


a (" es 7 Va =) (ase 


= j 
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Solution. We start with the identity 


(x1 +--+ +2m)* - Ss” Ce ee 
1<01<+*<tm—1<m 


$y tet tiga tC? YO ah =0 


1<t1<-+*<tm—2<m 1<i4<m 


for k < m and for any complex numbers 21,...,%m (see Example 5.6 in 
the chapter Mathematical Induction). We replace here (21,...,%m) by 
all possible m-tuples selected from the given integer numbers a@j,..., Qn 
and sum all the equalities of this type in order to get 


S- (a;, +++» +a;,,)* 


1<t4 <+*<tm <n 


n—-m+l1 


1<i1 <+<tm—-1<n 


nm—-m+2 
+( 5 ) S- Cre ee ee 


1<t1<°**<tm—2<n 
if7—t k 
— awe aes 
1<i1<m 


We can write this in the more condensed form 


ery (" es ’) So (Gig H+ + Gi g_;)” = 0. 


j=0 J 1<i1 <+<im—j<n 


We choose here k = $(r) = p” — p""! < m, hence (by Fermat’s little 
theorem) every term (a;, +°--+@i,,_ ae of the above sums is congruent 
either to 0, or to 1 modulo p’, depending on whether the sum a,, + 
--+ + 4;,,_; 18, or is not, divisible by p. (When p divides an integer x, p” 
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divides x*, since k = p” — p"—1 = p™—!(p—1) > 27 1(2-1) = 2" 1 > 1.) 
Consequently, considering the last equality modulo p’” yields 


because to = 0. 


For the first congruence we still have to see that, obviously, s; +t; = (“) 
for every 0 <7 <n, hence 


ser BoM F) (1) 


: (ci diw(F) = 


thus, T = 0 (mod p) implies S = 0 (mod p), too. 


Note that the congruences still hold for m = p” — p""! if (p" — p"“1)! is 
divisible by p” (that is, if (r,m) 4 (1,p —1) and (p,r,m) F (2,2, 2), as 
one can see). In order to prove this it is enough to use the identity 


m—1 


4=0 1<11<+*<tm—j <M 


(again see Example 5.6 in the chapter Mathematical Induction), then 
proceed similarly to the proof above. The complete statement (with 
the case m = p” — p™! included) is problem 11391 from The Ameri- 
can Mathematical Monthly; Richard Stong gave a solution and a strong 
generalization in the issue from December 2010 of the same magazine. 
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H36. Evaluate 


(4), 12 a 13 we 
1-2-3\5 2-3-4 \5 3:4-5\5 
Solution. Although it is not so evident, we have a possibility of tele- 
scoping this sum. Namely, 


eres icy 


= (sa (n +1) (=) - (n+ 1)( ES CERY (2) =: g=2 
( 


Indeed, in view of the (for us now well-known) formula 


ee ee =3( : -canass) 
era 2\n(n+1) (n4+1)(n4+2)/?’ 


we are entitled to assume that something like 


satiieaa (8) ~+(sesn (9) -asiera(®)”) 


would hold for some real number a. And it holds for a = 5, doesn’t it? 


Note that the following formulae hold for x € (—1, 1): 


and 


oe) 2 

1 1/l— 
Deresicer ta ae = In(1 — 2). 
n(n+1)\(n+2) 4 22x 2 z 


n=1 
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(You can integrate twice with respect to zx the first equality — which we 
saw in Chapter 6 — in order to obtain the second and the third.) If you 
properly combine the second and the third of these formulae, you obtain 
another solution to our problem. 


Nevertheless, with or without these identities, we are sure that the reader 
is now able to compute 


for some given real number z € (—1, 1). 
Let a be a real number. Define the sequence (tn)n>1 recursively by 
£1 =1 andtn4, =a” +nz,, forn> 1. 


Prove that 


Solution. We can rewrite the recurrence relation as 


n 
In+l a Ln 


n! nl’ (n—1P 


and we easily iterate this to yield 
2 n 
eal at ee a Re Ocal ne 
ee oe a 


which holds for all n > 0. Thus 2741 = n!en(a), where 


= ar a” 
€n(a) = at op 
tends to e® as n — oo, as we know (basically this is the definition of the 
exponential with power series). Now 
_ €n-1(@) 


— 1 —_— - SS ee 
In+1 €n(a) €n(a) 
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therefore 


a am \ = €n-1(a) _eg(a) — 1 
red ba 8 ea ars een 


n=1 bn+1 n=1 
for each positive integer N. Finally 


= q” = q” 1 1 
I] 1— = lim 1— = lim =, 
Lnt+1 N—-oo ler Lnt+1 N->0o en(a) et 


n=1 


as required. 


H38. Evaluate 


This one is similar and also based on the formula (that we used there 
and which we invite you to remember) 


Ss sit! 
oo (Set)! s—1’ 
valid for any positive integer s > 2. Now we have 
ae ity! 3 yee (i+ 2)!9! 
a » Gey” LTE \(4 + 2) ae i+2+4+7)! 


= 1 1 
=LUG +1)\G4+2)i41 
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OO ©) 
1 1 7 1 17? - 
Ss ee 
= (i+ 1)? a (¢+1)(2+ 2) 6 Z 6 
We used again the well-known telescoping sum 
SSG tGt2) iy 1 aay 2 


and the result of the Basel problem (problem M38) 
| nT? 
Sane 
k=1 


You can also prove that 


(you will be needing a slight modification of the formula that we used). 


H39. Prove that 


Solution. We use again the equation 


2n+1 2n+1\ ,-4 nfentl 
Te _ cerucle Geet: = 
Ore (Us Jette tol) = 


and its roots 
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whose sum is, aS we have seen in the solution of the Basel problem, 
n(2n — 1)/3. We can also compute the sum of products of these roots 
taken two by two, which is 


(*" + ‘) 

3 ere im ee jn 5 _ n(2n—1)(n—1)(2n—3) 
ee 2n+1 2n+1 (*" as ‘) 30 

oo 1 


Therefore, the sum of the squares of these numbers is 
Scot! kr n(2n —1)\? 7 _ nan — 1)(n —1)(2n — 3) 
2n + 3 30 


n(2n — 1)(4n? + 10n — 9) 
45 


Further one we can also compute 


= 1 = kr kr 
2. 4 | be 
kr (cot In+1 noo on+1 1) 


k=1 sin* k=1 
+1 
n(2n — 1)(4n? + 10n — 9) " 2n(2n — 1) ie 8n(n + 1)(n? +n +3) 
- 45 3 7 45 
and one can use the same inequalities as before (changed just a little), 


namely 
oe z€ (0,5) 
z+ © sin* a’ ee 
to finally get 
m4 2n(2n — 1)(4n? + 10n — 9) woe 16n(n + 1)(n? +n +3) 
90 (2n + 1)4 ar ‘ (2n + 1)4 
for all n > 1. Letting n > oo yields the desired result. 


This result was also proved for the first time by Euler. 
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H40. Evaluate 


Solution 1. We have 


he 


k=1 me 


7 [ In (Te ‘s a) da 
0 


1=0 

1 1 
: wae =— | In(1 — x)dx 
= [(1- 2) In(1 — 2) + 2])9 = 1. 


The infinite product is easy calculated from 


n+l 
— 


by passing to the limit for n — oo. Also the final evaluation needs the 
calculation of the limit of (1 — x)ln(1 — x) for x — 1, which is easily 
shown to be 0, by using l|’Hopital’s rule. 


Solution 2. We again interchange the order of summation, based on 
the absolute convergence of the series — but in a different way. Namely 


we have = 
1 —1)*"1 
==> sa ae 
m=2 


os 
I 
_ 
I 
© 
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where the inner sum is over those positive integers k for which there 
exists nonnegative integer | such that m = k2'+1. Now, if m—1 = 2?q 
with nonnegative integer p and odd positive integer g, we see that | can 
be from 0 to p (for each such | the corresponding k is 2?—'q), and the 
above inner sum is 


Thus the initial sum becomes 


ee Co ae a ee | > ( 1 “) 
fe ——<$—S  — — —]| 
5 see 2, l = = 
ee k2 —<- mm 1 = m—l1l em 


(and we finished our job with the same most often met telescoping sum). 


The problem was in the Putnam Competition in the year 2016. 
Let a1, @2,..-,@100 be nonnegative real numbers such that 

ay + a3 +++ + igo = 1. 
Prove that 


2 2 
aja2 + asa3 +--+ +atpoa1 < — 


Solution. Let S be the sum from the left-hand side of the inequality. 
By the Cauchy-Schwarz inequality we have 


100 2 
(3S)? = (>: On+1(az + 2auincus) 


k=1 
100 100 
<(> oe (so ay, + 2auincisa? 
k=1 


Please pay attention to the sums! We considered the indices modulo 100 
(that is, a@191 = a, and ayg2 = a2), hence we have 


100 100 


2 2 
der = Dak =1, 
k=1 k=1 
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so the above inequality reads 


100 
(35)? < S (ap + 2an414%42)”. 
k=1 
We then have 


100 100 


2 2 4 2 2 9 
S (ak + 2¢410K42)° = S (ak + 40;,0%410K42 + 40%414%49) 
k=1 k=1 
100 


4 2/2 2 2 9 
< So (ag + 2ag (ap 41 + eyo) + dag az 49) 
k=l 
100 


_ 4 2.2 2.2 
= (a; + 6ap,az44 + 20,042); 
k=] 


where we used 2ry < x7 + y? for any real numbers z and y, and 


100 100 


2 2 _ 2.2 
5 On41%%49 — 5 Oz 0%41- 
k=1 k=1 


Now we clearly have 


100 100 2 
>_ (a; + 2agaz 1 + 2agaz41) < S a) = = 


k=1 


and, also, 


100 


50 

2 

2 Akai <4 Yat 1} | >, 23; 
jal 


100 2 
k=! 


IA 


50 50 
, } 2 , | 2 
Q9 3 ae Q95 j 
j=l j=l 
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because 4ry < (x + y)? holds for real numbers z and y. 
Putting all these together we get 


100 
(3S)? < S (ah + 6agaz., + 2azazs 0) 
k=1 
100 100 


7 Ya + 2ajajy, + 2ajQa%41) + » Aaja 
k=1 k=1 
<141=2, 
that is S < \/2/3, as desired. 


H42. Let r1,...,2109 be nonnegative real numbers such that 


Li,+ i414 + Vj+2q <1 for alli =1,...,100 


331 


(set 2191 = £1, 2102 = £2). Find the mazimal possible value of the sum 


100 


ee ) LjiLj42- 
i=1 


Solution. We have, by hypothesis 


100 50 
) LjLi+2 = ) (%o;-1%9;41 + ojT2;+42) 
= =i 

50 


< > (C1 — way — 22541) @2541 + tay (1 — tay — £2541) 


j=l 


50 
= SoC — £27 — L2j5+1)(L2; at T2541): 
j=1 


But zy < ((xz + y)/2)* for every x,y € R, hence 


l= L295 — ©2541) (Lo; ae ©2541) < ( 5 


_ L259 — Loj+1 + Loz + Laj41 


4’ 
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,00, and the sum S' can be majorized as 


Moreover, the value 25/2 is indeed assumed by S if we choose, for exam- 
ple, %o;-1 = 1/2 and za; = 0 for 7 = 1,2,...,50. That is, the required 


maximum is 25/2. 


H43. Prove that for any real numbers x1, 22,...,2n and any nonnegative real 


numbers 71,7T2,... 


,Tn the inequality 


Tr 
) min(r;,7;)x;x; > 0 
1,j=1 


holds. (The sum is over all pairs (1,7) with 1 <i<nand1<j<n.) 


Solution. Due to symmetry we can assume that ry < rg <---> < Tp. 
Hence we can find nonnegative numbers s; such that 


1 
V4 = Sk 
k=] 


(explicitly, s1 = ry and sy = ry — rg_1 for 1 < k < n). Thus we can 


write 


n min(i,j) 


‘ min Camere Lili = 3 Vmin(i,j)titj = 2 SELL 5 


1,jJ=1 


H44. Let ay, b1, a9, bo,... 


nn mn nr n 2 
= ye 3 S- SKUj{L 5 = S- Sk es «) 
k=1 1=k j=k k=1 i=k 


,An, bn be nonnegative real numbers. Prove that 


n n 
S min(a;ia,;, bb; ) < S- min(a;b;, a;b;). 


1,j=1 


1,j=1 
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Solution. We will use the result of the previous problem for the numbers 


_ max(ai, bi) _ 


min(a;, b; ) 
and 
x; = sgn(a; — bj) min(aj, b;) 


for 1 <i <n, with the observation that, if min(a;,b;) = 0, then for 7; 
we can choose any nonnegative real number. Note that sgn(z) is —1, 0, 
or 1 as x is negative, 0, or positive, respectively. We then have 


Ss” min(a;b;, a;b;) = Ss" min(a;a;, b;b;) 


i,j=l1 t,j=l 
nm 
= ye (min(a,b;, a;b;) = min(a;a,;, bib; )) 
1,j=1 
nr 
= S- LiL; min(7r;,7;) = 0, 
ij=l 


according to the previous example. 


Of course, we still need to prove that 
min(a;b,, a;b;) = min(a;a;, b;b;) = Lit; min(r;, rs) 


for all 7,7 € {1,2,...,n}. 

Note first that if we have min(a;, b;) = 0 or min(a;,b;) = 0 the equality 
holds since both sides are zero (and it doesn’t matter what we choose 
for r; or r; respectively). So we further assume that both min(a;, b;) and 
min(a,;,b;) are nonzero, and we need to prove that 


min(a,b;, a;b;) — min(a;a,, bib; ) 
= sgn(a; — b;) min(a;, b;)sgn(aj — bj) min(a;, b;) 


a Gan ana py 1): 


min(a;,b;) ” min(a;,b;) 
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Note that if we interchange a; and 6;, then both sides of this equation 
are multiplied by —1. Thus we may assume that a; > 6; and similarly 
we may assume a; > b;. In this case the right hand side simplifies to 


; Qy a; ; a; a; 
6,6; min (F — Le — = b;b; (in (2) — 1) 


= min(a;b,;, a;b;) = bb; = min(a;b,;, a;b;) = min(a;a,;, bb; ), 
which is exactly what we wanted to prove. 
Some related inequalities and refinements of the last two examples can be 
found in the article On Some Elementary Inequalities by Titu Andreescu 


and Gabriel Dospinescu (see it in Mathematical Reflections: The First 
Two Years). 


References 335 
Telegram.me:@math_books 


References 


i 


10. 


11. 


T. Andreescu, 105 Algebra Problems from the AwesomeMath Summer 
Program, XYZ Press, Dallas, 2013. 


T. Andreescu (Editor), Mathematical Reflections - Two More Years, 
XYZ Press, Dallas, 2014. 


. T. Andreescu, D. Andrica, Complex Numbers from A to... Z, Birkhauser, 


Boston—Basel—Berlin, 2006. 


. T. Andreescu, D. Andrica, 360 Problems for Mathematical Contests, Gil 


Publishing House, 2003. 


. T. Andreescu, V. Crisan, Mathematical Induction: A Powerful and Ele- 


gant Method of Proof, XYZ Press, Dallas, 2017. 


. T. Andreescu, R. Gelca, Putnam and Beyond, 2nd ed., Springer, New 


York, 2017. 


. T. Andreescu, R. Gelca, Mathematical Olympiad Challenges, Birkhauser, 


Boston, 2009. 


. T. M. Apostol, Calculus, vol. I - One- Variable Calculus, with an Intro- 


duction to Linear Algebra, 2nd ed., John Wiley & Sons, Inc., New York, 
1967. 


. T. M. Apostol, Mathematical Analysis, 2nd ed., Addison-Wesley, Inc., 


London, 1974. 


L. I. Golovina, I. M. Yaglom, Induction in Geometry, Mir Publishers, 
Moscow, 1979. 


R. Honsberger, From Erdés to Kiev — Problems of Olympiad Caliber, 
The Mathematical Association of America, 1996. 


P. P. Korovkin, Inequalities, Mir Publishers, Moscow, 1975. 


336 References 


13. Walter Rudin, Principles of Mathematical Analysis, McGraw-Hill, Inc., 
1976. 


14. Michael Spivak, Calculus, 3rd ed., Publish or Perish, Inc., Houston, 1994. 


Other Books from XYZ Press 337 
SB Telegram.me:@math_ books = =——ai‘“‘<a“‘(‘(‘(<‘i‘“‘<wt*;*;‘:;:™ 


Other Books from XYZ Press 


i 


10. 


11. 


12, 


13. 


Andreescu, T., Crisan, V., 115 Trigonometry Problems from the Awe- 
someMath Summer Program, 2017. 


. Andreescu, T., Crisan, V., Mathematical Induction. A powerful and 


elegant method of proof, 2017. 


. Andreescu, T., Dospinescu, G., Mushkarov, O., Number Theory. Con- 


cepts and Problems, 2017. 


. Andreescu, T., Elliot, $., 114 Exponent and Logarithm problems from 


the AwesomeMath Summer Program, 2017. 


. Andreescu, A., Andreescu, T., Mushkarov, O., 113 Geometric Inequali- 


ties from the AwesomeMath Summer Program, 2017. 


. Bosch, R., Cuban Mathematical Olympiads (2001-2016), 2017. 


. Andreescu, T., Mortici, C., Tetiva, M., Pristine Landscapes in Elemen- 


tary Mathematics, 2016. 


. Andreescu, A., Vale, V., 111 Problems in Algebra and Number Theory, 


2016. 


. Andreescu, T., Mathematical Reflections - two special years, 2016. 


Andreescu, T., Pohoata, C., Korsky, S., Lemmas in Olympiad Geometry, 
2016. 


Matei, V., Reiland, E., 112 Combinatorial Problems from the Awe- 
someMath Summer Program, 2016. 


Mihalescu, C., The Geometry of Remarkable Elements. Points, lines, 
and circles, 2016. 


Andreescu, T., Pohoata, C., 110 Geometry Problems for the Interna- 
tional Mathematical Olympiad, 2015. 


338 


15. 


16. 


17. 


18. 


19. 


20. 
21. 


22. 


23. 


24. 


20. 
26. 
27. 
28. 


Other Books from XYZ Press 


Telegram.me:@math_books 
Andreescu, T., Boreico, I., Mushkarov, O., Nikolov, N., Topics in Func- 


tional Equations, 2nd edition, 2015. 


Andreescu, T., Ganesh, A., 109 Inequalities from the AwesomeMath 
Summer Program, 2015. 


Andreescu, T., Pohoata, C., Mathematical Reflections - two great years, 
2014. 


Andreescu, T., Ganesh, A., 108 Algebra Problems from the Awe- 
someMath Year-Round Program, 2014. 


Andreescu, T., Kisa¢anin, B., Math Leads for Mathletes — a rich resource 
for young math enthusiasts, parents, teachers, and mentors, Book 1, 
2014. 


Becheanu, M., Enescu, B., Balkan Mathematical Olympiads - the first 
30 years, 2014. 


Andreescu, T., Mathematical Reflections — two more years, 2013. 


Andreescu, T., Rolinek, M., Tkadlec, J., 107 Geometry Problems from 
the AwesomeMath Year-Round Program, 2013. 


Andreescu, T., Rolinek, M., Tkadlec, J., 106 Geometry Problems from 
the AwesomeMath Summer Program, 2013. 


Andreescu, T., 105 Algebra Problems from the AwesomeMath Summer 
Program, 2013. 


Andreescu, T., Kane, J., Purple Comet Math Meet! - the first ten years, 
2013. 


Andreescu, T., Mathematical Reflections - the next two years, 2012. 
Andreescu, T., Dospinescu, G., Straight from the Book, 2012. 
Andreescu, T., Mathematical Reflections — the first two years, 2011. 


Andreescu, 'T., Dospinescu, G., Problems from the Book, 2nd edition, 
2010. 


Printed by “Combinatul Poligrafic” 
Com. nr. 81437 


